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ABSTRACT 

An inland vessel - or a river/sea ship going up a river - will not be submitted to ocean waves and will 
only be unfrequently exposed to strong winds, but it will be submitted  instead to specific hydrodynamic 
effects appearing only in inland waterways.   
Rivers and canals are navigational areas with limited depth and width : In such restricted waters, a heavy 
vessel will experience increased squat and resistance, lower propulsion efficiency and maneuverability, 
and higher turning radius compared with open water, leading to increased propulsion power . 
 

Models are useful to estimate the resistance and propulsion efficiency from the knowledge of main 
characteristics of the vessel and the waterway, in order to contribute to: 

 A design of waterways offering a better quality of navigation and capacity of transport, 

 Power prediction during early stage of the design of a vessel, and to determine which tests are to 
be simulated on CFD, or performed in towing tank able to simulate restricted waters, 

 Fast, even real – time, calculations, to determine the optimum speed along the route and different 
cross-sections, to arrive just on time at the next stop (Eco-planner calculations). 

 
This document concerns, and, hopefully, may help to link, different worlds with different cultures: Naval 

architecture, with high technology regarding hydrodynamics in open water, a totally different field than 
inland waterways; Waterways operations (infrastructure or vessels), with high experience but often limited 
theoretical knowledge; Waterway design, a science by itself, expert about hydraulic effects, but not 
considering wave making resistance of vessels or propulsion, which are at the heart of vessel-waterway 
interaction, and a key of the economy of this kind of transport.  

 
This paper intends to present an overview of: 

 Main hydrodynamic effects of restricted waters and their threshold of appearance,  

 Some models or results established from 1934, further improvements, and range of use, to 
estimate critical speed Vcr, return current u, squat z, and vessel total resistance,  

 Some propulsion effects and parameters to estimate propulsion efficiency and fuel consumption, 

 An example of model combining these approaches, and some results. 
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1 INTRODUCTION – CONFINED WATER EFFECTS 

1.1 Kind of restricted waterways 
 

The main types of restricted waters found in inland waterways and large river estuary, may be laterally 
confined (with banks),  laterally restricted (only partially confined), or laterally unrestricted, situation also 
called “shallow water” :  
 

 
 
 

 
1.2 Main parameters and hydrodynamic effects observed   
 

In such restricted waters, limited depth and width will produce the following hydrodynamics effects:  
 

 A return current appears and there is a depression of water level around the vessel, 
 

 Increased squat and change of trim, diminishing the under keel clearance : Such effects increases 
with the speed, the confinement (ie ratio m=Ab/Ac of the cross section of the vessel to that of the 
waterway), the block coefficient Cb of the vessel, and when the depth decreases; 
 

 Increase of the resistance and decrease of the speed of a heavy vessel. The speed may be limited 
by a “critical speed” Vcr. Both viscous and wave making resistance increase, but for different 
reasons. 
 

 Changes of maneuverability : The vessel becomes more sluggish to manoeuvre, turning radius may 
increase and even double; 
 

 Decrease of propulsion efficiency and increase of the power required on engine shaft, leading to a 
greater tendency to vibrations :  The return current, the proximity of the bottom of the waterway, and 
the wake effect alter the supply of water to the propeller. Freight inland vessel, having high block 
coefficient due to high dimensional constraints, may receive water at low or even zero speed (w, 

wake fraction ≈ 1), and sometimes slightly negative (wake w>1) speed. 
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Figure 1.2 : When a vessel of draught T and breadth B is cruising at speed V in confined 
waters, there is a depression z of water level of the waterway, while the trim β of the vessel 
changes and a return current u flows in opposite direction around the vessel. There is an 
increased dynamic squat Sd , depending of z and β  

Figure 1.1: different kind of restricted waters found in inland waterways and marine channels 
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1.3 Thresholds of appearance of special hydrodynamic effects 
 
Hydrodynamic effects linked with restricted water appear: 
 

 When the vessel has a high cross section relative to the waterway: n = 1/m = Ac /Ab < 50. 
as an example, n = 5 to 10 can be frequently observed in canals. 

 When the depth h relative to the draught T decreases: h/T<10 
1.2 is used to size a marine access channel to a harbor, and 1,5 is found in many canals.  

 When width W relative to the breadth B is low, depending on h/T, 
 

 Main thresholds are summarized as follows in table 1.4 (see also examples on table 3.5) : 
 

 
 

 The increase of the wave making resistance appears when V > 60% Vcr           (2.4) 

 The effects of return current may appear when 𝐵𝑐 < 𝐵𝑖 =
π

2
(Lwl + 1.5 B) to  

π

2
(Lwl + 3B)  (2.5) 

 
It should be noted also, that, for a heavy freight inland vessel, typically: 

 Fn (“length” - i.e. of vessel’s waterline 𝐿𝑤𝑙 - Froude Number) Fn = V / √𝑔𝐿𝑤𝑙   ≤ 0,16 - 0,18  

 Fnh / FnHm (“depth”/”average depth” Froude Number) is typically such as  

 Fnh = V/√gh  ≤ 0,6 - 0,7 (unrestricted) or FnHm = V/√gHm  ≤ 0,6 - 0,7 (highly confined) 

2 MAIN EFFECTS OF RESTRICTED WATERWAY ON RESISTANCE 

2.1 Resistance curve   
 

The resistance (figure 2.1) appears to be very different from what it is in open waters. 
The change concerns both the wave making resistance due to change of the wave pattern (undulatory 
effect), and the viscous resistance due to the return current (hydraulic effect):   
 

 When there is no lateral restriction, only the undulatory effect takes place, and the curve of 
resistance vs speed shows a single “I” peak at a single speed value, called “critical speed”. 

 When the waterway is restricted in width as well as in depth, an hydraulic effect may appear, with a 
“subcritical” limit speed Vcr, which cannot be exceeded by heavy (i.e. “displacement”) vessels, while 
above a “supercritical speed”, light vessels will experience a diminution of their resistance. The 
curve of resistance vs speed appears as “M” - shaped.  

W
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w slope p = (W-w)/2h

Ac = h (W+w) / 2

Bc = Ac / h

Ab ≈ BT   Pb ≈ 2T+B

Water level (quiet)
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Aw = Ac - z(W-pz) - Ab ≈ Ac - zW - Ab

Start of 

confinement 

effects

Important 
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Highly 

confined
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h / T 15 4 1,5

Bc / B 50-200 10-15 4

Figure 1.3 : The value of depression z of water level  depends on dimensions W, w, and h of 
the waterway, and of cross sections Ab and Ac of the vessel and the waterway, blockage ratio 
is  m= Ab / Ac ; Also frequently used : Average depth Hm and width Bc , hydraulic radius vessel-
waterway Rh , wetted perimeters of vessel Pb and waterway Pc  (quiet conditions)  
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2.2 Undulatory effect: change of wave making resistance in “River” or “Shallow water” case  
       (short vessel, large bank distances)  
 
Undulatory effect produces a change of wave-making resistance, depending only on depth,  in laterally 
unrestricted conditions or when the distance of influence of squat and return current around the vessel BI is 
considerably lower than the width Bc of the waterway (situation called “Shallow water” and found mainly  in 
marine conditions).  
This has been observed from 1839 by John Scott Russell, and a theory and a method have been proposed 
after towing tank test by Schlichting, in 1934 [17]. Other tables and diagrams have been proposed after 
further towing tank tests by Karpov (1946)[18], and Apukhtin (1953) [18].   
Lackenby (1963) proposed later a simplified formula and a diagram.   
 

 
 

   
 

A relationship between the wave length λ of a wave pattern at a speed Vh , and depth h, is : 

    Vh
2 = (

g λ

2π
) tanh(

2πh 

λ
)        (2.1) 

When h is small, Vh approaches the critical speed Vcr and tanh(
2πh 

λ
) ≈ 2πh/λ  , therefore : 

                                                  V𝑐𝑟
2 ≈ gh         (2.2)  

When h is infinite, tanh(
2πh 

λ
) = 1, so the relationship can be simplified to  V∞

2 = g λ /2π   (2.3) 
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Figure 2.1 :  typical curves of resistance in open water (green), “M” – type in confined water (red), 
“I” type in shallow water (blue), and their associated critical speeds. As Hm ≤ h, the “I” curve is 
generally on the right side of the “M” curve for most non-rectangular waterways cross-sections. 

Figure 2.2 : « River » case or « Shallow Water »   
 

 right : sketch by John Scott Russel, Edimbourg, 1839 [47]:  
 

 The width of hydraulic influence Bi of the vessel in open water 
is considerably smaller than the width of the waterway  

 Key parameter is h/T 
 Hydraulic effects are much lower than undulatory effects 

the resistance curve has a peak for   𝑉𝑐𝑟 = √𝑔ℎ  
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Dividing (2.1) and  (2.3) and replacing (gh) by Vcr
2 , gives a relationship between Vh and V∞ as : 

 
2πh

λ
= 

gh

V∞
2  ≈ (

Vcr

V∞
)
2
   and then   

Vℎ

V∞
≈ √tanh ((

Vcr

V∞
)
2
)   (“Schlichting’s formula”) (2.4) 

 

Schlichting (1934) [17] assumed that the wave making resistance Rw(V) of a ship was in relation with the 
wave length and therefore is identical at Vh with depth h, and at V∞  with unlimited depth.   

 

When Vh=65%Vcr ,then 1- Vh/V∞ = 1% , and when Vh=54%Vcr ,then 1- Vh/V∞ = 0,1% therefore 
undulatory effects tend to appear at about 𝑽𝒉 ≈ 𝟔𝟎% 𝒕𝒐 𝟕𝟎% 𝑽𝒄𝒓. 

 

2.3 Hydraulic effect : change of viscous resistance, “Canal” case (long vessels, narrow canal)  
 
Hydraulic effect appears in addition to the undulatory effect, when both width and depth of the waterway are 
restricted. The return current u, or backflow, increases the viscous resistance.  
Practically, it appears when the width of influence Bi of squat and return current which would happen 
around the vessel in unrestricted waterway, is higher than the width Bc of the waterway. 

 

Empirical methods based on diagrams of towing tank tests, have been proposed to calculate the total 
resistance, for sea vessels in large access channels by Landweber (1939) [17] as a complement of 
Schlichting theory, or by Artjushkov (1968) [18] to take into account wall effects during towing tank tests. 
Analytical theories [45]ab about hydraulic waterway-vessel interaction have been proposed later to estimate 
squat and critical speed, and use: 
 the “energy method” : Schijf (1949/53) [2a] [2b] [43], Dand&Ferguson (1973) [19] [14], J.Marchal 

(1970-77) [5] [6] [7], Römisch et al (1969/1977/1981/1989 [13][36]), BAW[46], 
 the “quantity of movement method” : Sharp&Fenton (1968), Bouwmeester (1977)[2c], CNR 

Compagnie Nationale du Rhône (papers of: P.Savey,1973 / R.Tenaud,1977 / Pommier, Selmi,1981 
[3a][3b][4]).   
 

These theories, rediscovered with recent waterways projects (Seine-Scheldt Canal, Panama  and Suez 
Canal increase of capacity…), are for a trapezoidal cross section of the waterway (except Sharp & Fenton, 
rectangular) and generally don’t take into account losses on the vessel (except a first estimate by 
Bouwmeester, and a more detailed one by J.Marchal and CNR) or in the waterway (except J.Marchal and 
CNR, using the Manning-Strickler formula for losses in the waterway). Recent papers: M.Briggs, 
M.Vantorre, P.Debaillon et al (2009,2010) [13][19], and E.Lataire et al (2010, 2012) [14].  

    

 

"average" width of waterway Bc = Ac / h

B

width of influence of the vessel in open water Bi

Ab

Figure 2.3 : «Canal » case 
Drag curve from Jean Marchal in Liège, in 
the 1970’s, model of a « Johan Welker » 
vessel 85mx9,50m [5][6][7] in confined 
waters, and in open water: 

 The width of hydraulic influence Bi 
of the vessel in open water is higher 
than the width of the waterway. 

 Key parameter is the blockage ratio  
m = Ab /Ac 

 Hydraulic effect added to undulatory 
effect produce a typical « M »-
shaped curve with a subcritical 
speed and a supercritical speed 
 

Bi may be estimated as [46]:  

 𝐵𝑖 ≈
π

2
(Lwl + k B)                (2.5) 

 
Sea / river-sea vessels: k ≤ 1,5 
Inland vessels: k = 3  
Lwl = Waterline length 
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3 ANALYTICAL THEORIES FOR CONFINED WATER   
 

3.1 energy method : Schijf’s model and its complements  
 

The method was presented at PIANC Congress in Lisbon (1949), and Rome (1953); assumptions are: 
• The depression of water level around the vessel is uniform and horizontal, 
• The return current, or backflow, is uniformly distributed around the waterway cross-section, 
• Friction and all losses along the banks and on the vessel, are ignored, 
• For trapezoidal cross section of waterway,  
 

In this paper we choose to present Schijf’s model analytically, showing how key parameters as the average 
depth Hm=Ac/W, blockage (or confinement) ratio m=Ab/Ac, and the “average depth” Froude Number FnHm, 
appear during the calculation,  and present all results, including those using factor α.   

 
Continuity conditions : water flow Q "seen" in the cross section with/without the vessel is expressed with 
a simplification of the second order z2 term :                                                                                              

Q = VAc = Aw(V + u) = (Ac − Ab − z(W − pz))(V + u)  ≈ (Ac − Ab − zW)(V + u)      (3.1) 
 
Bernoulli’s equation in the same cross sections is : 

1

2
ρV2 =

α

2
ρ(V + u)2 − ρgz equivalent to   

V

2g
(α(

Ac

Aw
)2 − 1) = z                  (3.2) 

 
α = 1.4-0.4 V/Vcr (α = 1 in Bernoulli’s original equation), has been added sometimes [43][45] in the 1950’s 
as an empirical ”safety factor” to try to take into account losses on vessel and on the waterway. α =1 is 
used for vessels and in the vast majority of all cases. Several diagrams for civil works (canal design) have 
been published with α =1.1, which increases u and z and diminishes Vcr;   
 
An extensive method with α =1 and without simplification of z2 term to solve (3.1) & (3.2), combined with 2D 
simplified potential theory, to estimate z and u around the vessel, is proposed by BAW [46].    

 
By Eliminating (u+V) between (3.1) and (3.2), using « average depth» Hm=Ac/W, blockage ratio m= 

Ab/Ac, and the « average depth Froude number » 𝐅𝐧𝐇𝐦
=

𝐕

√𝐠𝐇𝐦
 , we can get : 

(𝑢 + 𝑉) =  [
1

𝛼
(𝑉2 + 2𝑔𝑧)]

1

2 = 𝑉 [
1

𝛼
(1 + 2

𝑧/𝐻𝑚

𝐹𝑛𝐻𝑚
2)]

1

2
= 

𝑉𝐴𝑐

(𝐴𝑐−𝐴𝑏−𝑧𝑊)
= 

𝑉

(1−𝑚−𝑧/𝐻𝑚)
  

 

1 − 𝑚 −
𝑧

𝐻𝑚
− [

1

𝛼
(1 + 2

𝑧/𝐻𝑚

𝐹𝑛𝐻𝑚
2)]

− 
1

2
= 0        (3.2.a) 

 
Searching critical speed(s) Vc for an extremum critical flow Qc in equation (3.1), we can write: 

0 =  
𝑑𝑄

𝑑𝑧
=

𝑑

𝑑𝑧
(𝐴𝑐 − 𝐴𝑏 − 𝑧𝑊)(𝑉𝑐 + 𝑢) =  

𝑑

𝑑𝑧
((𝐴𝑐 − 𝐴𝑏 − 𝑧𝑊) [

1

𝛼
(𝑉𝑐

2 + 2𝑔𝑧)]

1

2)  

0 = 𝑔(𝐴𝑐 − 𝐴𝑏 − 𝑧𝑊) [
1

𝛼
(𝑉𝑐

2 + 2𝑔𝑧)]
− 

1

2 − 𝑊 [
1

𝛼
(𝑉𝑐

2 + 2𝑔𝑧)]

1

2
 

0 = 𝑔(𝐴𝑐 − 𝐴𝑏 − 𝑧𝑊) −  𝑊(𝑉𝑐
2 + 2𝑔𝑧)                     (3.2.b) 

 

finally  
𝑧

𝐻𝑚
=

1

3
(1 − 𝑚 − Fnc

2 ) , where Fnc= 
𝑉𝑐

√gHm
 is a critical Froude number     (3.2.c) 

 
Then, eliminating z/Hm from (3.2.a) and (3.2.c), we get the  Schijf’s equation (3.2.d): 

 

𝟏 − 𝐦 +
𝟏

𝟐
𝐅𝐧𝐜

𝟐 −
𝟑

𝟐
𝛂𝟏/𝟑𝐅𝐧𝐜

𝟐/𝟑
= 𝟎                 (3.2.d) 
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By eliminating z from  (3.1) and (3.2) , still using Hm, m= Ab/Ac, and FnHm
=

V

√gHm
, we get  

the Dand & Ferguson [19] equation (3.3)  : 
 

𝛼 (V + u)2−V2

2g
= z =

Ac

W
− 

Ab

W
−

Ac

W
 

V

(V + u)
=  Hm − mHm − Hm

V

(V + u)
 

 

𝜶

𝟐
𝐅𝐧𝐇𝐦

𝟐 (
(𝐕+𝐮)

𝐕
)
𝟑
− (

𝟏

𝟐
𝐅𝐧𝐇𝐦

𝟐 + 𝟏 − 𝒎)(
(𝐕+𝐮)

𝐕
) + 𝟏 = 𝟎              (3.3) 

 

 We can write : 𝑦 =
(𝑉+𝑢)

𝑉
, 𝑞 =

2

𝛼𝐹𝑛𝐻𝑚
2  ,and  𝑝 = −

1

𝛼
(1 +

2(1−𝑚)

𝐹𝑛𝐻𝑚
2 ) = −

1

𝛼
(1 + 𝛼𝑞(1 − 𝑚))  (3.3.a) 

 

(3.3) is equivalent to a 3rd degree equation (3.3’) as 𝑦3 + py + q = 0, which can be solved by using the 

Cardan –Tartaglia formulae, when δ = −(27q2 + 4p3) ≥ 0                 (3.3.b) 
 

The values of Fnc which are solutions of  δ = 0 (3.3.b) are also solutions of equation (3.2.d) which is itself a 

third degree equation 𝑥3 + p’x + q’ = 0 with x = Fnc
2/3, p’ = -3 𝛼1/3, and q’=2(1-m). 

δ′ = -(27q’2+4p’3) = -(54(1-m)2-108α) is always positive when 0 ≤ m ≤ 1 and  1 ≤ α ≤ 1,4.   
 

Equations (3.3.b) and (3.2.d) have therefore solutions in common, which are the values of Froude 𝐹𝑛ℎ1 and 

𝐹𝑛ℎ2(if m = 0 then 𝐅𝐧𝐡𝟏 = 𝐅𝐧𝐡𝟐 = 𝟏 and 𝐕𝐜𝐫 = √𝐠𝐡),  so equation (3.3) has solutions only when: 

 

𝐅𝐧𝐇𝐦
≤ 𝐅𝐧𝐡𝟏 = 𝛂𝟏/𝟒 (𝟐 𝐬𝐢𝐧 (

𝐀𝐫𝐜𝐬𝐢𝐧((𝟏−𝐦)/√𝛂)

𝟑
))

𝟑/𝟐

 « subcritical » conditions           (3.4) 

𝐅𝐧𝐇𝐦
≥ 𝐅𝐧𝐡𝟐 = 𝛂𝟏/𝟒 (𝟐 𝐬𝐢𝐧 (

𝛑−𝐀𝐫𝐜𝐬𝐢𝐧((𝟏−𝐦)/√𝛂)

𝟑
))

𝟑/𝟐

  « supercritical» conditions           (3.5) 

In « subcritical» conditions (displacement vessels), equation (3.3) has the following solutions:  
 

Backflow u  
𝐮

√𝐠𝐇𝐦
= 𝐅𝐧𝐇𝐦

(𝐲 − 𝟏) with y = √−
4p

3
sin(

1

3
Arcsin(√−

27

4

q2

p3))         (3.6.1) 

Squat z (depression of water level)  
𝐳

𝐇𝐦
    =  𝟏 − 𝐦 − 𝟏/𝐲                 (3.6.2) 

 

The subcritical limit speed 𝐕𝐜𝐫 (or VL) corresponding to the subcritical Froude number  Fnh1 cannot be 

exceeded by a displacement vessel. At this speed there is a limit value of the backflow uL, and a limit value 

for the depression of water level (or squat) zL, which are found using equations (3.2.b), (3.2.c) and (3.2.d) 

by incorporating into (3.2.b) the Bernoulli’s equation (uL + Vcr) =  [
1

α
(Vcr

2 + 2gzL)]

1

2
 ,   which gives :   

0 = g(Ac − Ab − zLW) −  α W(uL + Vcr)
2 , 

then using (3.2.c)   gHm (1 − m −
zL

Hm
) = α W(uL + Vcr)

2, then    
uL+Vcr

√gHm
= [

1

α
(1 − m −

zL

Hm
)]

1

2
 ,  

using (3.2.c)  and then (3.2.d) : 

uL

√gHm

= [
1

α
(1 − m −

zL

Hm
)]

1
2
−Fnh1 = [

1

α

2

3
(1 − m −

1

2
Fnh1

2)]

1
2
−Fnh1 = (Fnh1/α)1/3−Fnh1 

 
Finally, 𝐕𝐜𝐫 , 𝐮𝐋, and 𝐳𝐋 are obtained as non-dimensional formulae (figure 3.1) :  

 

𝐅𝐧𝐇𝐦
=

𝐕𝐋

√𝒈𝑯𝒎
=

𝐕𝐜𝐫

√𝒈𝑯𝒎
= 𝑭𝒏𝒉𝟏 = 𝛂𝟏/𝟒 (𝟐 𝐬𝐢𝐧 (

𝐀𝐫𝐜𝐬𝐢𝐧((𝟏−𝐦)/√𝛂)

𝟑
))

𝟑/𝟐

              (3.7.1) 

 

  
𝐳𝐋

𝑯𝒎
=

𝟏

𝟐
(𝜶𝟏/𝟑𝑭𝒏𝒉𝟏

𝟐/𝟑 − 𝑭𝒏𝒉𝟏
𝟐)     et 

𝐮𝐋

√𝒈𝑯𝒎
= (𝑭𝒏𝒉𝟏/𝜶)𝟏/𝟑−𝑭𝒏𝒉𝟏            (3.7.2) 

 
Schijf’s method has been mainly used [2b][43][44] through diagrams as those of figures  3.1, 3.2, 3.3.  
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Figure 3.1 : limiting values of 

speed 𝑽𝑳 = 𝑽𝒄𝒓, backflow 𝒖𝑳, and 
squat 𝒛𝑳 depending on blockage 
ratio m=Ab/Ac 

Maximum value for  𝑢𝐿  :  

 
𝑢𝐿

√𝑔𝐻𝑚
= 0,3849 for  m = 0,50   

Maximum value for 𝑧𝐿 :  
𝑧𝐿

𝐻𝑚
= 0,1925 for m = 0,23  

 
Figures 3.2 & 3.3 (below) : Schijf’s 
diagram allows to estimate V, u, z, 
knowing m and V as a percentage of 
Vcr 
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Figure 3.1 shows formulas (3.7.1) & (3.7.2) for α=1, while figures 3.2 and 3.3 show 
u

√gHm
= f(FnHm

)  for a 

constant value of m (formula (3.6.1)), at critical speed  Vcr (formula (3.7.2)), or for a constant value of 
z

Hm
 . 

This last equation (3.2.e) is obtained by solving (3.2) in u and dividing by √gHm  , i.e:   

u

√gHm
= −FnHm

+ √
1

α
(FnHm

2 + 2
z

Hm
)        (3.2.e) 

 

Influence of distance to the axis of the waterway 
According to [43], when the vessel is at a distance d of the axis of the waterway (typically d ≤ W/3, figure 
3.4),  Schijf’s theory formulae may be used, but replacing the waterway cross-section Ac by a virtual section 
Acd defined by :  
 

𝑨𝒄𝒅

𝑨𝒄
= 𝟏 − 𝒌

𝒅

𝑾−𝒉𝒑
= 𝟏 − 𝒌

𝒅

𝑩𝒄
  where  𝐵𝑐 is the average width  𝐵𝑐 = (𝑊 + 𝑤)/2                (3.8.1) 

 

where k = 0.4 to 0.64 for pushed convoys, and k = 1.04 to 1.28 for self-propelled vessels. 
 

  
Therefore, for a vessel at typical distance d = W / 3 in a rectangular cross section where W = w = Bc, Acd  is 
close to around 60% (self-propelled vessel) to 80% (pushed convoy) of Ac .  
 

Integration along the vessel (Dand & Ferguson) and towing tank measurements 
Equation (3.3) can  be solved and integrated all along the hull, depending of the distance x from the stern 
(Dand&Ferguson, 1973, [14]). Main parameters then become linear variables B(x), T(x), m(x), Ab(x), z(x) 

and u(x), while 𝐴𝑤𝑙 =  ∫ 𝐵(𝑥)𝑑𝑥
𝐿𝑤𝑙

0
  is the waterline surface, Lwl the waterline length. The vessel will 

experience a vertical force F, and a trim moment M, resulting in a vertical sinkage Zm and a trim Mm , 
producing a dynamic squat Sb at bow and Ss at stern :  
 

F = ZmAwlρg =  ρg ∫ z(x)B(x)dx
Lwl

0
       and M = Lwl Mmρg =  ρg ∫ z(x)B(x)xdx

Lwl

0
          (3.9) 

 

Zm = 
∫ z(x)B(x)dx
Lwl
0

∫ B(x)dx
Lwl
0

  and  Mm = 
∫ z(x)B(x)xdx
Lwl
0

∫ B(x)x2dx
Lwl
0

             (3.10) 

 

Sb = Zm −
Lwl

2
Mm and  Ss = Zm +

Lwl

2
Mm        (3.11) 

 

E.Lataire et al tested these results on large sea vessels (containerships, tankers) using walls in a towing 
tank (2010-2012, [14]), in experimental conditions where the water could be pushed out of the test section 
into the towing tank , and therefore the piston effect may be different from the one experienced by an inland 
vessel in a canal between two locks. They found that, though the equations seem in good accordance with 
the behavior of the models : 

 they may overestimate the measurements when Bc /B < 2, and underestimate when Bc /B ≥ 2, 

 for high block coefficients (𝐶𝑏 > 0,8 as for inland vessels), calculated value can reach as low as 40% of 
the measured value (80% for low block coefficients Cb in range 0,55-0,7), 

 a correction coefficient (4 + 𝐵𝑐/𝐵)/(3 + 𝐵𝑐/𝐵)  is suggested for Sb when cross section is wider, and 1.25 
for  Ss, in the conditions of the experiment. 

 

Other experiments found calculated values (based on Shijf’s theory, or on CFD [37b]) higher than 
measurements;  An appropriate  “shape coefficient” in between integration along the whole vessel, and use 
of only its maximum transverse section (“bottleneck effect”), may have to be found yet. 

d ≤ W/3

h

w

W

slope p = (W-w)/2h
waterway cross section Ac

figure 3.4: inland vessel at a 
distance d of the axis of the 
waterway; generally, d ≤ W/3 
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Consistency of hydraulic and undulatory approaches 
It is quite remarkable that two approaches so different are converging with the same result. 
Schijf’s estimate of subcritical and supercritical speed is consistent with Schlichting’s results in laterally 
unrestricted conditions: when m=0, equations (3.4) and (3.5) are equivalent to equation (2.2) and  then 
Fnh1 = Fnh2 = 1, so Vcr

2 = gh as for Schlichting’s formula. 
 

Range of Schijf’s theory 
Schijf’s method, regarding u and z parameters, is valid as long as the return flow and the depression of 
waterlevel can be considered as constant around the cross section of waterway [45], i.e for: 

 

Bc/B ≤ 5..8 to maximum 10..12 and Ac/Ab ≤ 10..15 to maximum 20..30   (3.12) 
 

Results may be compared with those of formulae from Römisch (chapter V), assuming that the 
Schijf’s theory is valid as long as both results remain of similar order of magnitude. 

 

Hydraulic effects and influence of banks and shape of cross-section – examples of calculations 
The following figures show examples of how the shape of cross-section can change  the speed of a vessel 
B=11,40m and T = 2,50 m, value of z, or the surface of banks which may be impacted : 
 

 With same depth and different width (table 3.5), critical speed varies from 24 to 8.7 km/h, 

 With same width and depth but smaller cross-sections (figure 3.6), speed decreases by 40%, 

 With same cross-section but different shapes, speed varies by 25% (bottom of figure 3.6). 

 With gentle bank slopes, the depression of water level z is lower but has higher amplitude while 
projected on these banks (and speed of vessel is reduced) (figure3.6, lower table). 

 

 
 

Table 3.5 : changes of critical speed depending on bank positions and width of the waterway 

 
 

Figure 3.6 : changes of speed with same depth and width on surface (upper table and sketches) but 
different width on bottom, or with same cross section but different shape and width (lower table) 

Cross section W x w x h
Average 

depth Hm

(Sub) critical 

speed Vcr

Critical 

FnHm

Squat ZL 

at Vcr

Backflow 

uL at Vcr

Trapezoidal Canal classe IV 32 m x 18 m x 4,50 m 3,52 m 8,7 km/h 0,413 0,68 m 7,0 km/h

Trapezoidal Canal classe Vb 54 m x 36 m x 4,50 m 3,75m 12,1 km/h 0,555 0,69 m 5,8 km/h

Rectangular Canal 54 m x 54 m x 4,50 m 4,5 m 14,2 km/h 0,593 0,80 m 5,9 km/h

River 130 m x 100 m x 4,50m 3,98 m 16,1 km/h 0,718 0,57 m 4,0 km/h

Wide river 500 m x 300 m x 4,50m 3,60 m 18,1 km/h 0,847

Large river 1000 m x 750 m x 4,50 m 3,93 m 20,1 km/h 0,896

Very large river 2000 m x 1900 m x 4,50 m 4,39 m 22,0 km/h 0,93

Unlimited ("Shallow water") ∞ x  4,50 m 4,5 m 23,9 km/h 1

out of range of 

Schijf's method

W = w

B

T

h          z

= Hm slope p=0

Water level (quiet)

Aw = Ac - zW - Ab

Ab

z

W

B

T

h z Hm =Ac / W

w

Water level (quiet)

slope p = (W-w)/2h

Aw = Ac - zW - Ab

Ab

W

B

T

h z Hm =Ac / W

w

Water level (quiet)

slope p = (W-w)/2h

Aw = Ac - zW - Ab

Ab

W w h Ac
Hm = 

Ac/W
Ac/Ab Vcr V u z

z on 

banks

m m m m2 m km/h km/h km/h m msl
op

e 
of

 

ba
nk

s 

85%Vcr

Same section and depth, only shape changes

Rectangle 45 45 4,50 202,5 4,5 7,11 13,3 11,3 2,93 0,29 0,0 0,29

Trapeze 54 36 4,50 202,5 3,75 7,11 12,1 10,3 2,68 0,25 2,0 0,55

"Triangle" 80 10 4,50 202,5 2,53 7,11 10,0 8,5 2,20 0,17 7,8 1,30

Same width on surface and depth, only width at bottom changes

54 54 4,50 243,0 4,5 8,53 14,2 12,0 2,62 0,27 0,0 0,27

54 36 4,50 202,5 3,75 7,11 12,1 10,3 2,68 0,25 2,0 0,55

54 8 4,50 139,5 2,58 4,89 8,5 7,2 2,77 0,19 5,1 0,98
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3.2 Quantity of movement method: Bouwmeester  and CNR methods 
 

The Bernoulli equation, assuming that the flow is continuous, is not adapted to a  discontinuity at the bow of 
the vessel. Other methods using the Euler's theorem, wherein the change in the momentum balance the 
sum of the external forces, had to be used. This was done by J.Bouwmeester et al [2c] [45]ab (1977) on 
trapezoidal waterway with current, Sharp and Fenton in 1968 on a rectangular channel without current nor 
any loss on the boat, and by CNR (in 1973 [3]a, 1977 [3]b and 1981 [4]) on a trapezoidal cross section 
without flow but with friction on the waterway and losses on the vessel. 
Range of validity is more in upper part of (3.12) (and more in the lower part for Schijf), due to losses on 
the vessel and on the waterway, and because other assumptions are the same as for Schijf’s theory: 

 depression of water level around the vessel (uniform and horizontal),  

 return current (uniformly distributed around the cross-section) 
 

3.2.1 Bouwmeester and Sharp&Fenton method (inspired from [2c][45]) 

 
 

Figure 3.7 : Waterway with a current u0  >0 when Vs<0, where Vs  is the speed relative to the ground and 
while the flow around the vessel is u1 . z is the depression of waterlevel and  δ is the head water in front of 
bow. Forces are considered in sections  0, 1 et 2. 

 

𝑚0̇ =  𝑚1̇  so ρAc(Vs+u0)dt = ρAw(Vs+u1)dt (continuity conditions)   (3.13) 

 

∫ 𝜌. 𝑑𝐴𝑏.𝑉𝑛 . �⃑� =  ∑ 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠
𝐴𝑐

   (conservation of momentum)  

Fdt =  mdv  i.e. F0 - F1 - F2 =  ρAc (Vs+u0)(u1-u0)      (3.14) 
 
F0 = F(0) = 1/2 ρgWh2 – 2/3 ρgph3        (3.15) 

 
F1 = F(-z) = 1/2 ρgW(h-z)2 + ρgp(h2-z2)z – 2/3ρgp(h3-z3) – 1/2ρgBT2    (3.16) 

 

𝑭𝟐 = 
𝟏

𝟐
𝛒𝐠𝐁 [𝑪𝒅

(𝑽𝒔+𝒖𝟎)
𝟐

𝟐𝒈
+ 𝒛 + 𝑻]

𝟐

   where   𝑪𝒅 = 𝜸(
𝑻

𝑯𝒎
)𝟐      (3.17) 

 

𝐹2 (headwater in front of the bow) is deemed to represent all relevant losses on the vessel; 
Factor  γ = 0,8 -1 for a self-propelled inland vessel, and 𝛾 ≈0 for a barge with oblique rising bow. 

 

Current u0 can be eliminated and traditional parameters u, V, Hm can be introduced again: 
 

Vs+u0 = V,  u1-u0 = u and  Vs+u1=V + u  and finally  Hm=Ac/W=h(1-ph/W) 
 

Then (3.13) and (3.14) can be written as (3.13.b) and (3.14.b), and Vu/gHm  is eliminated (3.17): 
 

(A0-A1)V = A1u    or  
1

𝑔𝐻𝑚
(
𝐴0−𝐴1

𝐴1
)𝑉2 = 

𝑢𝑉

𝑔𝐻𝑚
  (3.13.b)  and   

𝐹0−𝐹1−𝐹2

ρg𝐻𝑚𝐴0
=

𝑉𝑢

𝑔𝐻𝑚
               (3.14.b) 

 

𝑭𝟎−𝑭𝟏−𝑭𝟐

𝛒𝐠𝑯𝒎𝑨𝟎
= (

𝑨𝟎

𝑨𝟏
− 𝟏)𝑭𝒏𝑯𝒎

𝟐 (to be solved numerically)             (3.17) 

 

Sharp & Fenton method is identical, but simplified: cross section is a rectangle (Hm=h) without flow (u0=0) 
and without losses on the vessel (Cd = γ = 0).   
 
Comparison with Schijf’s method (figure 3.8) showed good coincidence of results with real case  

Vs headwater in front of bow

Water level δ

h F2          z u0

F1 u1 F0

section 1 section 0

T

A0 = AcA1 = Aw section 2
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3.2.2 CNR Method  
 

It has been developped by CNR (Compagnie Nationale du Rhone) from 1973 to the 1980’s for the Rhine - 
Rhône Canal (Savey, Tenaud, Pommier, Selmi [3],[4]);  As Bouwmeester’s method, it uses Theorem of 
Euler, applied to a waterway cross-section limited by a section in front of the vessel, a section in the back, 
and the banks of the waterway (here a trapezoidal section without current):   
 

∫ ρ. dAb.Vn . V⃑⃑ =  ∑External forces
Ac

  , equivalent to  ΔM⃛ = Fh + Ff − Rt     (3.18) 

 

Where Rt is the total resistance of the vessel, and ΔM⃛ is the variation of quantity of movement [3] : 
 

ΔM⃛ = ρ [(V + u)2 +
(α−1)

3
u2] (Ac − Ab − Lwlz) − ρV2Ac           (3.19) 

 

α = 1.2 [3] or 1.1 [4] is here a coefficient of distribution of speed of the return current 
ρ is the water density (kg/m3), and Lwl  is the length of waterline of the vessel 

 
Fh is the balance of total hydrostatic pressure forces [3] :  
 

Fh =
ρgh2

6
(3w + 2ph) − ρg [

w

2
(h − z)2 +

p

3
(h − z)3] − ρgB

z2

2
         (3.20) 

 
w is the width at bottom of the waterway, p is the slope of the banks p = (W-w)/2h 

the term −ρgBz2/2  was used in [3] and [3]b but neglected in [4] 

 
Ff is the total of losses, i.e. of the friction forces, on the waterway: 

 

Ff = ρCfcPcLwl
u2

2
  where  the coefficient of friction of the waterway is Cfc = 

2g

Kc2 Rc

1
3

    (3.21) 

Rc = Ac/Pc (see figure 1.3) is the hydraulic radius of the waterway alone without vessel, and Kc is the 
Manning-Strickler formula coefficient, from  75…90 for smooth concrete to 10…15 for rocks, 30…40 for 
a river, or 50/60 for a canal with/without grass.  
 

Rt , the total “resistance”, was deemed to represent the losses on the vessel in the model only, as seen by 
specialists of hydraulic but not of naval architecture.  It includes a « friction » resistance Rf, and a 
« penetration » resistance Rcx , as for road vehicles, i.e. using a penetration coefficient Cx, but no wave 
making resistance  – The sign is also opposite to the sign of losses on the waterway Ff  .  
 

Rt = Rf + Rcx with  Rf = ρCfbPbLwl
(V+u)2

2
  and   Rcx = CxρB(T + z)

V2

2
   (3.22) 

 

where Cx=1, Cfb=0,005 ; CNR used afterward the Gebber-Engels formula ([3b], [4], see also (4.10.1) & 
(4.10.2)) to estimate the total resistance on a convoy for propulsion purposes. 

 
Equations (3.18) and (3.1) are to be solved numerically, as for Bouwmeester method.  

Figure 3.8 [2c][45] 
Schijf and  
Bouwmeester results, 
compared with  
measurements, on a 
pushed convoy   
191m x 22.80m x 
3.3m in a rectangular 
cross-section: Canal 
Amsterdam to Rhine  
100 m x 100 m x 5 m  
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CNR tested the method in an experimental towing tank installed at its premises in Lyon, at scale 1/50 [3]b, 
[4] (figure 3.9). Aspect of the calculated curves is good but squat at stern and depression of water level z 
are different concepts, calculated losses did not consider any wave making resistance, and also roughness 
of models (waterway & vessel), should be smaller than the real, calculated, one.  
 

 
 

In the models described in the present paper, including table 3.10 hereafter and figures of chapter V, CNR 
method is used by replacing the losses on the vessel of the original method (3.22), by the actual vessel 
resistance Rt re-calculated for the waterway, based on Holtrop & Mennen [10][11] when applicable (see 
IV.2.3&IV.3), the quantity of movement equations being solved in an iterative process.  

 
3.3 Relative importance of losses on the vessel and on the waterway  
 
Schijf’s theory provides simplified results easy to use. Though it has the disadvantage of not taking into 
account any loss, there are extensions of it by J.Marchal [6] which include estimates of losses on the 
infrastructure and on the vessel. As for the quantity of movement method, the equations must then be 
solved numerically.  
Even considering losses, there is a proximity of results between Schijf’s theory and the quantity of 
movement methods, wether from Bouwmeester, or from CNR (figures 3.8 and 5.1 to 5.4).  
 
Table 3.10 shows estimates of losses and hydrostatic forces for the Rhine vessel 110m x 11.40m x 2.80m 
of chapter V. In spite of losses on vessel & waterway, results remain close to Schijf’s method (see figures 
5.1 to 5.4 in section V). Case 1 is for comparison only (out of range of the method). 
 

 
Table 3.10 : balance of forces 𝛥�⃛�, 𝐹ℎ , 𝐹𝑓 , and  Rt ( Holtrop & Mennen+ VI.2.3) using CNR method, on 4 

kinds of waterways, for 3 different speeds around 60% Vcr, 85% Vcr, and the subcritical speed found by 
CNR method by numerical calculation, here between 98% and 99,7% Vcr  from Schijf.  

 
Waterway W x w x h 

Schijf’s critical speed Vcr 

Speed 

(% of 

Vcr) 

Hydrostatic 

forces  Fh  (kN) 

% of the hydrostatic forces Fh  

Variation qty of 

movement  ΔM⃛ 

Losses on 

waterway   Ff  

Losses on 

vessel Rt 

1 
900 m x 800 m x 4,50 m 

Vcr = 20.7 km/h 

98% 

83% 

60% 

11430 

1922 

589 

95.8% 

95.4% 

94.5% 

0.8% 

0.2% 

0.1% 

5.0% 

4.8% 

5.6% 

2 
156 m x 120 m x 4.50 m 

Vcr = 16.4 km/h 

98% 

83% 

60% 

3402 

941 

350 

93.9% 

95.7% 

94.3% 

2.5% 

1.0% 

0.7% 

8.6% 

5.4% 

6.4% 

3 
54 m x 36 m x 4.50 m 

Vcr = 11.6 km/h 

99% 

85% 

61% 

1213 

445 

188 

89.8% 

96,3% 

94,5% 

5.5% 

3.2% 

2.5% 

15,7% 

7,0% 

8,1% 

4 
40 m x 30 m x 3.50 m 

Vcr = 8 km/h 

99.7% 

85% 

61% 

469 

215 

97 

87.9% 

98.1% 

96.1% 

9.2% 

7.3% 

6.1% 

21.3% 

9.2% 

10.0% 

 

Figure 3.9 
CNR method [4]: 

comparison between 

theory (depression 

of water level z,  

continuous lines) 

and measured model 

(squat at stern with 

trim, dotted lines) 

for a convoy 183 m 

x 11.40m for T=3 m 

and T=2 m, in a 

canal cross section 

W = 54m x w= 36m 

x h= 4.5m 
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4 MODELS FOR RESISTANCE 
 

4.1 Kind of models   
 
Models used to estimate the resistance of an inland vessel are different depending on the kind of vessel 
(self-propelled vessel or pushed convoy) (figure 4.1). 

 Self-propelled vessels : in “Canal” case, an analytical method (Energy or Quantity of movement 
method) is used to determine the return current and the depression of waterlevel, and then modify the 
viscous and the wave making resistance;  In “River” or “Shallow water” case, towing tank methods and 
traditional shallow water methods are used.  

 Pushed convoys : though return current, squat, and critical speed can still be estimated as for self-
propelled vessels in “Canal” case, only towing tank formulae / diagrams (Marchal, Howe) are available 
to estimate the resistance, with limited validity regarding dimensions of the waterway and the speed. 
Gebber-Engels empirical formula has also been used in the 70’s/80’s. 

 

 
 

Figure 4.1 : models available depending on the situation and the vessel 
 

4.2 Practical estimate of resistance for self-propelled vessels in the subcritical speed area 
 

3 kinds of methods are used or have been found in the literature, all based on separate modification of the 
viscous and of the wave-making resistance, or, on the friction and the residual resistance: 
 

 Large rivers and sea access channels : Traditional marine “shallow water” methods [17] seem 
popular for large rivers such as Danube. They are based on a formula established by Schlichting (1934) 
to modify the wave making resistance, and on towing tank tests by Schlichting (1934, no banks), and 
Landweber (1939, with banks) to determine the complement on the viscous resistance. A formula 
proposed by  Lackenby (1963) [17] as a complement to the one of Schlichting is also popular. Diagrams 
can be found as well, as Apukhtin’s diagram (1953) established in Moscow and commented by 
University of Michigan [18].  
 

Self propelled vessels

"Canal type" conditions  (m<15-30, 2<W/B<12)

Bouwmeester losses on boat

CNR losses on boat&canal

critical speed Vcr -> link between V∞ & V

River (Shallow water)

Common shallow water methods (Landweber, Lackenby…)

Critical speed 

V cr , 

return current u , 

depression of 

water level z

Pushed convoys

also : Return flow, critical speed as for self propelled vessels in canal

Canal method

Towing tank  methods (Howe & Marchal et al  diagrams &Formulas…)

Viscous resistance : return flow u, V replaced 

by V+u for  x% (0,9-0,98) of viscous resistance

Squat formula->distance of influence 

Quantity of movement method

(numerical resolution)

no losses 

on canal & 

boat

Energy method (Schijf)

solved formulas

Wave making resistance at V = resistance at V∞

Karpov & Arjushkov diagrams
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 Intermediate rivers : Georgakaki and Sorenson combined in 2004 ([1],[18]), the use of Karpov’s 
diagrams (1946) for limited depth, and Artjushkov’s tables (1968), to model European inland vessels.  
 

 “Canal” case : an analytical theory is chosen from energy or quantity of movement methods to 
estimate the return current u and the subcritical speed Vcr, and then the viscous resistance;  
Schlichting’s formula is supposed to be still valid for subcritical speed, and then is used to estimate the 
wave making resistance (2009-2010, M.Vantorre, M.Briggs [19],[13]).  

 
These methods to modify resistance are summarized in sketch of figure 4.2. It would be useful to compare 
them to results of towing tank tests and/or CFD 3D calculations. They all may be used to modify any open 
water resistance curve : from towing tank test results, or from empirical estimates based on formulas such 
as Guldhamer&Harvald [1],[9] or Holtrop&Mennen [19],[10],[11].  

 

 
Figure 4.2 : models for self-propelled vessels depend on size of vessel relative to size of the waterway. 

 
4.2.1 “River” case, “shallow water” case: Large and deep rivers, large access channels 

 

These methods are all based on Schlichting’s formula as an estimate of the undulatory effect on the wave-
making resistance, and on measurements on models to estimate the complement :  
 

Vℎ

V∞
≈ √tanh((

Vcr

V∞
)
2
)    (“Schlichting’s formula” where Vcr ≈ √gh)   (2.4) 

 

Schlichting (1934) [17] assumed that the wave making resistance of a ship in limited depth at speed Vh is 
the same than in unlimited depth at speed  V∞ . After experiments on models, he proposed a relationship 
between the total resistance and the resistance in  shallow water, using a curve to determine the remaining 

resistance as a function of  √𝐴𝑏 / ℎ  , to  complement the wave making resistance determined by his 

assumption.   
 
Landweber (1939) kept Schlichting’s assumptions on wave making resistance, and after other experiments, 

proposed another relationship for laterally restricted waters, based on ratio √𝐴𝑏 / 𝑅ℎ   , i.e. using hydraulic 

radius Rh of the waterway with vessel (at V=0), instead of depth h. 
 
Lackenby proposed in 1963 [18] a formula which includes a part of Schlichting’s formula :  

  
∆𝑉

V∞
=

(V∞−Vh)

V∞
= 0,1242(

𝐴𝑏

ℎ2 − 0,05) + 1 − √𝑡𝑎𝑛ℎ (
𝑔ℎ

V∞
2)        (4.1) 

<- Canal, Small rivers -><- Seine, Rhone -><-      Rhine      ->               <- Danube , Sea - >

B

Bc = Ac/h

h Rh

Waterway-Vessel
hydraulic radius

Ac   

Waterway 

cross-section

Ab

"Canal"  case (highly confined) : 

Bc/B <= 5 ...12     Ac/Ab <= 15…30

Rf, u, z,Vcr:

Schijf, Bouwmeester, CNR methods

Wave Resistance :

"River" case (quite confined)&Shallow water: 

 Karpov  curves (depth) : 1,5 ≤ h/T≤ 10

 Artjushkov tables (width) : 3,3 ≤  Bc/B ≤25

T

"River" conditions (not so confined) : 
 

Schlichting (                       to 1,6)                                                  

Landwber   (                       to 1,9) 

Lackenby    (                       to 1,6)
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Use of Schlichting, Landweber, and Lackenby methods are illustrated in figure 4.3 below. 

 
Figure 4.3 : “River” or “shallow water” case : Construction of the curve of resistance using  
Schlichting’s and Landweber’s methods (above, blue) : From point A in open water at speed V∞, AI is 
found at intermediate speed VI and same wave making resistance, using Schlichting’s formula and a 
parallel (AAI) to the viscous resistance (WWI). Final point Ah in shallow water is found horizontally at speed 
Vh , using towing tank curves measured by Schlichting or Landweber (fig. 4.4). 

Lackenby’s formula (below, red) : from the resistance at point B in open water at speed V∞, the point Bh in 
shallow water at speed Vh is found horizontally using Lackenby’s formula. 
(Note : diagram for illustration only, case shown here not suitable for “shallow water” methods) 
 

 
Figure 4.4 : Schlichting’s and Landweber’s measured curves as shown in “Principles of Naval 
Achitecture” [17]. Polynomials have been added here to help calculations, but their validity, and the use of 
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Rt = Total Resistance (limited depth h)

Rf = Viscous resistance

Rw = Wave making resistance

Rt ∞ = Total resistance (open water) 

Rf ∞ = Viscous resistance 

Rw ∞ = Wave making resistance 

V∞VI

A

AI

Ah

W

WI

Vh

 AW= AIWI

 (AAI) // (WWI)

Lackenby formula

Vh V∞

B
Bh 

Rt(Vh) = Rf(Vi) + Rw(V∞)

0,80

0,82

0,84

0,86

0,88

0,90

0,92

0,94

0,96

0,98

1,00

0,00 0,20 0,40 0,60 0,80 1,00 1,20 1,40 1,60

                  Schlichting's formula

Landweber's measured curve y = V h  / V I 

              x<=1,56

y ≈ 0,0269x
6
 - 0,1664x

5
 + 0,3827x

4
 - 0,3729x

3
 + 0,0429x

2
 - 

0,0045x + 1,0001

              1,56<x<1,90

y ≈  -0,1406x
2
 + 0,2077x + 0,8177

Schlichting's measured curve y = V h  / V I

               x<=1,11

y ≈ -0,0155x
6
 - 0,0897x

5
 + 0,3867x

4
 - 

0,4418x
3
 + 0,0441x

2
 - 0,0013x + 1

                1,11<x<1,6

y ≈ -0,0716 x
2
 - 0,0924x + 1,0463
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these methods, and of Lackenby’s formula, should be limited to the range of the diagram, i.e: 
 

√Ab

h
 ≤ 1,108 to 1,3  and  

√Ab

Rh
≤ 1,558 to  1,7        (4.2) 

 
Lackenby’s formula is also available as a diagram. It has been re-published in 1982 by University of 
Michigan [18], as well as Apukhtin’s diagram (Moscow, 1953) (figure 13)   
 

 
 

Figure 4.5: Apukhtin’s and Lackenby’s diagrams, as published by University of Michigan [18], showing  
∆𝑉

𝑉𝑂
=

(𝑉∞−𝑉ℎ)

𝑉∞
 as a function of  𝐹𝑛ℎ =

𝑉∞

√𝑔ℎ
 , depending on h/T and  

√𝐴𝑏

ℎ
 (noted here  

√Ω𝑚

ℎ
) 

 

Other “Shallow Water” analytical methods to be envisaged 
The range of the above methods is very limited, and they can only be used as long as the critical speed  

Vc = √𝑔ℎ, is not too different of the subcritical speed Vcr (figure 2.1, table 3.5, formula (3.4)). This is 

discussed in chapter VII, where 2 analytical methods, both variant of the “Canal method” (IV.2.3), are 
proposed as an alternative to Schlichting’s and Landweber’s measured curves:  

 

 “virtual canal method” described inVII.3, uses  a “marine” squat curve z (chapter V) to calculate a 
uniform backflow u around the vessel, in a virtual canal of depth h and width W=w, able to provoke 
this squat z as a depression of water level, by solving (3.1)&(3.2), 

 

 A method using a return current u with friction under the hull as given by Stolker & Verheij 
(2006)[45] as an improvement of Maynord’d formula (1996) for viscous resistance (VII.1). 

 

BAW, in [46] chapter 5.5, proposes hydraulic methods to determine u and depression of water level z as a 
field around the vessel, even in “shallow water” case, using simplified 2D potential theory, extensions of 
Shijf’s theory, and empirical formulae, to determine a reasonable vessel speed and wash waves while 
submitted to shallow water constraints ; According to [46], when the distance of the vessel to the banks dB 
is much higher than the distance of influence around the vessel Bi /2, then a return flow u(y) and the 
depression of water level z(y) at a distance y of the vessel in direction to the banks, may be estimated from 
zo = z(0) and uo = u(0), at the vessel (where y=0), by : 

 

𝑧(𝑦)/𝑧0 = 𝑢(𝑦)/𝑢0 = [1 + (𝑦𝜋/𝐵𝑖)
2]−1 ymax = dB >> Bi/2                  (3.8.2) 

 

4.2.2 “Intermediate rivers” Case 
 

In “report on collected data for inland vessels” ordered by EU[1], Georgakaki and Sorenson, in 2004, used 
Karpov’s diagrams (1946), and Artjushkov’s tables (1968), re-published in 1982 by University of Michigan 
[18].  The purpose of Artjushkov tables is originally to correct wall effect for model tests. Karpov table  is not 
suitable for h/T below 1.5, which excludes many rivers in low water circumstances – such as Seine locally, 
where h/T reaches 1.15, or Rhine, in dry summer. 
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Instead of wave making and viscous resistance, these diagrams are to be used with frictional and residual 
resistance.  The resistance Rt in restricted water is obtained from the resistance Rt∞ in open water by : 

𝑅𝑡∞ = 
1

2
𝜌 𝑆𝑚[(𝐶𝑓+𝐶𝑎)𝑉∞

2 + 𝐶𝑟𝑉∞
2]   and   𝑅𝑡 = 

1

2
𝜌 𝑆𝑚 [(𝐶𝑓+𝐶𝑎)𝑉1

2 + (𝐶𝑟 (
𝑉∞

𝑉′)
2
+ Δ𝐶𝑟)𝑉2

2] (4.3)  

 
V1, V2, V’, and ΔCr, are calculated according to figure 4.5 and figure 4.6. 
 

 

 
 

 
 

 
 

For non-rectangular waterway cross section, Bc = Ac / h   should be used as average width of waterway. As 
Karpov’s diagrams are for unrestricted shallow water, real depth h is deemed to be used here instead of 
average depth Hm = Ac / W.    
4.2.3 “Canal” Case 

V'/V

B/Bc= 0,04 0,08 0,12 0,16 0,2 0,25 0,3

h/T=

1,5 0,968 0,933 0,894 0,849 0,795 0,699 -

2 0,978 0,950 0,921 0,886 0,843 0,780 0,685

2,5 0,982 0,962 0,938 0,913 0,885 0,846 0,796

3 0,986 0,970 0,952 0,934 0,915 0,889 0,859

3,5 0,989 0,977 0,965 0,952 0,938 0,918 0,895

4 0,992 0,983 0,974 0,964 0,953 0,937 0,916

5 0,996 0,990 0,983 0,976 0,968 0,957 0,941

6 0,997 0,993 0,989 0,983 0,977 0,967 0,954

8 0,999 0,996 0,994 0,989 0,985 0,977 0,965

10 0,999 0,996 0,994 0,990 0,987 0,980 0,971

ΔCr

B/Bc= 0,04 0,08 0,12 0,16 0,2 0,25 0,3

h/T=

1,5 0,040 0,097 0,161 0,247 0,348 0,482 -

2 0,034 0,081 0,137 0,203 0,279 0,386 0,570

2,5 0,028 0,067 0,112 0,162 0,218 0,300 0,418

3 0,023 0,054 0,089 0,127 0,166 0,225 0,302

3,5 0,018 0,041 0,068 0,096 0,125 0,168 0,223

4 0,013 0,030 0,050 0,072 0,094 0,126 0,172

5 0,008 0,016 0,028 0,042 0,057 0,082 0,115

6 0,005 0,011 0,020 0,032 0,043 0,062 0,089

8 0,003 0,007 0,011 0,019 0,028 0,045 0,066

10 0,003 0,007 0,011 0,018 0,026 0,038 0,055

 
 

Figure 4.6 :  
Artjushkov’s tables (1968)  
 
These tables [18] have been 
established in fact to correct wall 
effects in towing tanks. They give 
V’/V∞ (noted V’/V here), to change 
speed V∞ to V’, and ΔCr to modify 
residual resistance coefficient Cr,  
depending of the average width Bc 
(supposed constant) of the waterway 
in the following conditions :  
 

1,5 ≤ h / T≤ 10 
0,04 ≤ B / Bc ≤0,3 
3,3 ≤  Bc / B ≤25.  

 
Formulas [1] have also been 
proposed as an estimate of the tables.  

 

Figure 4.5 :  
Karpov’s diagrams (1946)[18]  
These diagrams give values a* and  
a** , depending on depth Froude 
number Fnh,  and of constant depth h, 
to calculate  a modified speed V1 for 
friction resistance, and a modified 
speed V2 for residual resistance : 

 
V1=V∞/a* 
V2 = V∞/a**  

1,5 ≤ h/T≤ 10 
 

Formulas have also been  
proposed [1] to estimate results of 
these diagrams, in the range of:  
 

1.5 ≤ h/T ≤ 4  
Fnh ≤ 0,6 to 0,7 
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It is intended to use results of analytical theories (Schijf, Bouwmeester, CNR…) combined to Schlichting’s 
formula (figure 4.7) [13][19]. Assumptions are:  

 The undulatory effect is estimated using Schlichting’s formula, but with a subcritical speed Vcr 

calculated from analytical methods (example: (3.4) from Schijf), instead of √𝑔ℎ  [19][13],   

 All effects on viscous resistance are represented by the additional friction of the return current u. Then 
the speed V is replaced by (V+u) for the fraction x of wetted surface of the hull Sm which is on the sides 
and the bottom of the vessel.  

 

V

V∞
≈ √tanh((

Vcr

V∞
)
2
)   (Schlichting)  and   Vcr ≈ √gHm (2 sin (

Arcsin(1−m)

3
))

3/2

 (Schijf)  (2.4)+(3.4) 

 

Rf∞ =
1

2
ρ Sm(Cf + Ca)V∞

2  is replaced by  Rf =
1

2
ρ Sm(Cf + Ca)(x(V + u)2 + (1 − x)V2)  (4.4)     

 
x is around 90…97% and for a “box-shaped” inland vessel, x ≈ (2LT+LB)/(2LT+LB+2BT)      (4.5) 
 

J.Marchal [4][6][7] used : (x(V + u)2 + (1 − x)V2) ≈ (V + xu)2 , so finally    (4.6)  

Rf ≈
1

2
ρ Sm(Cf + Ca)(V + xu)2     with negligible error    ΔRf =

1

2
ρ Sm(Cf + Ca)x(1 − x)u2   (4.7) 

 

 
Figure 4.7 : Resistance in “Canal” Case of a Campine Barge in a Canal W= 32m x w= 18m x h= 4m. At 
speed V of 10 km/h (choosen here quite close to the critical speed Vcr = 10,1 km/h):  

 the wave making resistance Rw is shifted from Rw∞ at speed V∞ using Schlichting’s formula, 

 a part x  (x = fraction of lateral and bottom part of the wetted surface of hull) of the viscous resistance Rf 
is shifted from Rf∞ at a speed V’ = V+u, and is Rf∞ at speed V for part (1-x). 

Note : As the maximum practical speed here is around 9,5 km/h, the resistance is typically close to 
the double of the one in open water.  
Campine Barge taken here is as follows: L=56,5; Lwl=56m x B = 6.70 m x T = 2.60 m; Cb=0.88195; Cm=1,0; 
Cp= Cb; Cwp=0.9236; Lcb%=2,8 to 3,2 ; SApp=9,48m2;  (1+k2) = 1,50; hull wetted surface is Sm=592,75m2; 
Resistance data are from Holtrop & Mennen 1984 [10][11] formulae. 
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Rt = Total Resistance (restricted water)

Rf = Viscous resistance

Rw = Wave making resistance

Rt ∞ = Total resistance (open water) 

Rf ∞ = Viscous resistance 

Rw ∞ = Wave making resistance 

Rw∞(V∞)

V+uV V∞

Rw(V) = Rw∞(V∞)

xRf∞ (V+u)

Rf (V) = x Rf∞ (V+u) + (1-x) Rf∞ (V) ≈ Rf∞(V+xu)

(1-x)Rf∞ (V)

Rt = Rf + Rw

x ≈ (2LT+LB)/(2LT+LB+2BT)

http://www.pianc.org.ar/sr2015


“SMART RIVERS 2015” 

Buenos Aires, Argentina, 7-11 September 2015 

 

 

SMART RIVERS 2015  (www.pianc.org.ar/sr2015) Paper 180 - Page 21/46 

4.3 Practical estimate for pushed convoys : empirical formulae 
 

Marchal et al formula (1996) : J.Marchal, Y.D.Shen, D.Kicheva studied pushed convoys in towing tank in 
ANAST (Belgium), and BSHC (Bulgaria), and published “an empirical formula to estimate the resistance of 
a convoy in restricted waterways” [8][1]. They present a polynomial of 84 terms based on 643 model tests. 
Results are compared to other models (including from Howe and Pavlenko) : 

              (4.8) 
 

1

1000g

Rt

∆
= ∑∑ ∑ ∑ ∑ ∑ Cijklmn(2FnRh

)
i
(10FnL)

j (
(Lwl ∇1/3⁄ )

10
)

k

(
1

10

B

h − T
)
l

(5
B

Bc
)
m

(2
T

h
)
n

n6

n=0

n5

m=0

n4

l=0

n3

k=0

n2

j=0

n1

i=0

 

 

In this formula, ∆(kg) is the mass-displacement, ∇(m3) is the volume-displacement, Lwl is the waterline 

length, FnRh
 is the hydraulic radius vessel/waterway Froude Number, and FnL is the length Froude number 

(here Rt is in N and ∆ in kg while Rt was in kg and ∆  in T in original document).   
Cijklmn are the coefficients of each term given in table 4.8. Maximum exponents n1, n2, n3, n4, n5, and n6 
are 3, 3, 2, 2, 2, and 1 in order of succession.   
 

 
 

Table 4.8 : table of coefficients for the Marchal & Shen formula.   
Both cross sections of barges and waterways were assumed rectangular, and a simplified form of the 
hydraulic radius was used Rh = (Ac-Ab) / (Bc+2h+B+2T). 

The range of operation is defined by:  FnRh ≤ 0,81 ;  Fn  ≤ 0,18 ; 4,79 ≤ Lwl ∇1/3⁄ ≤ 16,73 ; 3,5 ≤  B/T ≤ 28,5; 
0,2≤  B/(h-T) ≤ 24,4; 2,08 ≤  Bc/B≤ 15,9; 1,49 ≤ h/T ≤ 21,3; 5,6 ≤ Ac/Ab = 1/ m ≤  303 
Accuracy of results should be investigated for speeds above 60%Vcr , while approaching Vcr. 

 

Howe’s formula (1976) [8]: It represents the results of towing tank tests in the USA, for most standard 
configurations of pushed convoys  (P+1+1, P+2+2, P+2+2+2, P+2+2+2+2+2, et P+3+3). It has been 
converted to international system of units (SI) by J.Marchal et al., according to whom resistance may be 
over-estimated when depth is high, and underestimated when depth is low: 

𝑅𝑡 = 𝑔 . 1,0684(3,2808𝑇)
(0,6+

15,24

𝐵𝑐−𝐵
)
𝑒(

0,445

ℎ−𝑇
)𝐿𝑤𝑙

0,38𝐵1,19𝑉2      (4.9) 
 

Gebber-Engels formula  [3b], [4],[6], [37], [42], quite popular in the 70’s, is not very reliable to predict 

resistance : coefficients λ and k (k changes with speed) have to be calculated on a measured case to 

i j k l m n Cijklmn i j k l m n Cijklmn i j k l m n Cijklmn

1 0 0 0 0 0 0 -0,001385 29 0 1 1 0 0 1 6,597609 57 0 2 2 0 1 0 -9,143385

2 1 0 0 0 0 0 39,51962 30 0 1 0 0 2 0 -2,53197 58 0 2 0 1 2 0 2,590851

3 2 0 0 0 0 0 -12,0617 31 0 1 0 0 1 1 11,32693 59 0 0 1 1 2 1 0,001424

4 1 1 0 0 0 0 -25,1795 32 3 1 0 0 0 0 -9,936168 60 3 2 1 0 0 0 0,832029

5 1 0 1 0 0 0 -27,57276 33 3 0 1 0 0 0 -8,004313 61 3 2 0 1 0 0 -2,288375

6 1 0 0 1 0 0 -9,672379 34 3 0 0 1 0 0 -10,125163 62 3 2 0 0 1 0 1,51183

7 1 0 0 0 1 0 -52,9925 35 3 0 0 0 1 0 -12,803954 63 3 2 0 0 0 1 1,525105

8 1 0 0 0 0 1 7,089192 36 3 0 0 0 0 1 -6,625709 64 3 1 0 2 0 0 3,520442

9 0 2 0 0 0 0 3,929652 37 2 0 0 1 1 0 7,974979 65 3 1 0 0 2 0 1,111987

10 0 1 1 0 0 0 -17,658884 38 2 0 0 0 2 0 -1,296432 66 3 1 0 0 1 1 3,696573

11 0 1 0 1 0 0 10,603024 39 2 0 0 0 1 1 7,959404 67 3 0 1 2 0 0 -1,872056

12 0 1 0 0 1 0 9,864769 40 1 2 0 1 0 0 17,01349 68 3 0 0 2 1 0 -0,050148

13 0 1 0 0 0 1 -21,20326 41 1 0 2 0 1 0 -4,165093 69 2 0 2 1 0 1 1,792234

14 3 0 0 0 0 0 31,748943 42 1 0 1 2 0 0 -2,741779 70 2 0 0 1 2 1 -1,281651

15 2 1 0 0 0 0 -10,07837 43 1 0 1 0 2 0 -5,799912 71 0 3 0 2 0 1 -4,22569

16 2 0 0 1 0 0 20,45976 44 1 0 1 0 1 1 -6,170148 72 0 2 0 2 2 0 -0,957004

17 1 2 0 0 0 0 6,659367 45 1 0 0 2 1 0 -2,115237 73 3 2 2 0 0 0 0,12519

18 1 1 1 0 0 0 18,263031 46 1 0 0 0 2 1 3,212366 74 3 2 0 1 0 1 0,18633

19 1 1 0 1 0 0 -44,314804 47 0 3 0 0 0 1 -4,252323 75 3 1 2 1 0 0 3,720387

20 1 1 0 0 1 0 33,350944 48 0 2 1 1 0 0 0,38048 76 3 0 2 1 1 0 -1,542877

21 1 0 1 1 0 0 5,969951 49 0 2 0 1 0 1 12,09535 77 3 0 2 0 2 0 0,890903

22 1 0 1 0 1 0 37,54588 50 0 2 0 0 1 1 -10,76921 78 3 0 2 0 1 1 1,312271

23 1 0 0 2 0 0 5,859641 51 0 1 0 1 1 1 1,047193 79 3 0 1 0 2 1 -0,028623

24 1 0 0 1 0 1 -5,568138 52 2 3 0 0 0 0 0,584079 80 2 3 0 2 0 0 -0,542768

25 1 0 0 0 2 0 9,381222 53 1 1 1 0 1 1 -6,098303 81 2 3 0 0 1 1 -1,140508

26 0 2 0 0 1 0 -4,590231 54 1 1 0 0 2 1 -5,672612 82 1 3 0 1 2 0 -1,319861

27 0 2 0 0 0 1 14,21056 55 1 0 2 1 1 0 -0,948377 83 1 3 0 1 1 1 2,133734

28 0 1 2 0 0 0 13,015992 56 0 3 0 0 2 0 -2,371862 84 0 3 2 0 2 0 2,240691
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extrapolate to another, preferably at moderate speed. It is not homogenous (exponent 2,25), and does not 
consider wave-making resistance. 

h-T ≥ 1 m :  Rt # 𝑔(𝑘𝐴𝑏 + 𝜆𝑆𝑚)(𝑉 + 𝑢)2,25        (4.10.1) 

h-T ≤  1 m :  Rt # 𝑔(𝑘𝐴𝑏 + 𝜆𝑆𝑚𝑓 + 𝜆′𝑆𝑚𝑝)(𝑉 + 𝑢)2,25      (4.10.2) 

 
Smf is the surface of the bottom of the vessel, Smp is the surface of lateral submerged parts of the hull. 
𝜆 (0,12 à 0,2) is the roughness of the hull (0,12 for a new metal hull), when  1,5 ≤ 𝑘 ≤ 10 (2 for a thin boat 
and from 4 and above for a barge) depends on the shape of the hull and of the draft ;  
 
CNR [4] used 𝜆 =0,19  and  k = 5,8 for T=3m, and k =3 for T=2m for pushed convoys 185m x11,40m in a 

canal 54x36x4,5m  in the 70’s and  80’s.  CNR used also [3b] 𝜆 =0,3  and  k = 7 for a convoy of 89m and 
159m x 9,50 m (pusher + one or two barges).    

The following values of k and 𝜆 have also been mentioned in [42]: 

 

5 ABOUT SQUAT AND DEPRESSION OF WATER LEVEL 

There are a number of papers about formulae to estimate ship squat in a marine environment. These 
formulae are based on « slender body » theory (Tuck, Vermeer, Huuska, Ankudinov), on energy method  
(Dand, Romisch), on both (Tuck, Huuska), and/or on model tests. An overview has been given recently by 
M.Vantorre,  M.Briggs, and P.Debaillon in [13], with calculation examples, and also including description 
and comparison with numerical models (including Debaillon’s model [16], 2006), and even effects of muddy 
area. In [15e] and [15f] M.Briggs described and compared the latest version 2009 of the Ankudinov formula, 
quite different from the previous MARSIM 1996 and 2000 presentations, with many other PIANC formulas 
on real cases and model tests.  
Probably only 3D numerical calculations (P. Debaillon [16]) are really accurate to describe properly the 
squat in marine channels, and therefore any formula can only give estimates for limited cases. 

 
Regarding inland waterways, practical approaches around analytical theories such as Schijf, Dand & 
Ferguson, or CNR as did E.Lataire et al [14]ab (2010-2012), are indispensable, in order to understand 
phenomena, or to optimize the waterway. This is essential in “Canal” case with hydraulic effects, key 
parameter is the “average depth” Hm Froude number 𝐅𝐧𝐇𝐦

, and not  “depth” h Froude number 𝐅𝐧𝒉.  

 

Probably any formula based on “slender body” theory, using term 𝐹𝑛ℎ
2  /  √1 − 𝐹𝑛ℎ

2  , may be irrelevant, and 

should be avoided, for a freight inland vessel, for at least two reasons: It is, quite probably, NOT “slender” 
(as it has a block coefficient Cb from 0,85 to 0,95 and a high wave making resistance while approaching the 
critical speed), and, in “canal” case, has a subcritical speed  FnHm

< 1  instead of Fnℎ = 1. (“M”-shaped 

resistance curve instead of “I”-shaped, figure 2.1). In the same way, formulas based on unrestricted 
conditions may be irrelevant for inland waterways.   
 
The following figures 5.1 to 5.4 compare graphically the results of “marine” formulae with the results of 
theories for inland waterways, on the same inland vessel (instead of different large sea ships), in different 
inland waterways (instead of marine seaways), while reducing size of the waterway. 
Calculations are for a Rhine vessel L = 110 m x B = 11.40 m x T = 2.80 m : Lwl=109.24m; Cb=0.8942; 
Cm=0.9980; Cp=0.8960; Cwp=0.9387; Lcb%=0,745; SApp=27.31m2;  (1+k2) = 1,50; hull wetted surface is 
Sm=1707m2 . The Manning - Strickler coefficient for friction of water on the waterway is 40.  
  

Cb k  h-T 𝝀 

0,83 - 0,85 1,7  1 m 0,14 

0,85 - 0,88 2  0,75 m 0,185 

0,88 - 0,90 2,5  0,50 m 0,258 

0,90 - 0,92 3  0,25 m 0,350 

0,92 - 0,94 3,5    

0,94 – 0,95 4    

0,95 – 0,96 4,5    
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Figure 5.1 to 5.4 : Estimates for a Rhine vessel 110x11,40x2,80m using PIANC or Ankudinov (2009) squat 
formulae, or z from analytical methods (Schijf, CNR), while increasing confinement : Römisch is compatible 
with analytical methods (Schijf & CNR). When confinement increases and while approaching critical speed 
Vcr, “marine” formulas tend to underestimate squat compared with Römisch / Schijf / CNR results. When 
confinement decreases, “marine” formulae give higher results. 
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Observations on figures 5.1 to 5.4  
Figures 5.1 to 5.4 show 2 categories of curves : Römisch, CNR, and Schijf, on one side, and all other 
“marine” formulae, on the other side.   
In very confined conditions, with hydraulic effects (figures 5.3 & 5.4), all “marine” formulae underestimate 
the squat when approaching the subcritical speed Vcr, and most of them still do when reaching limits of 
validity of analytical methods (figure 5.2). Out of very confined conditions (figure 5.1), CNR and Schijf’s 
method are not valid anymore and give underestimated results compared with Römisch formula. Other  
“marine” formulae may give higher values than Römisch even for Vcr. 

 
It can also be seen on figures 5.1 to 5.4 that the CNR method (quantity of movement method), with losses 
on the vessel and the waterway, compared with the original Schijf’s method (energy method) without any 
loss, gives a higher value of  z for large waterways and low confinement, and vice versa when the waterway 
is more confined. Critical speed is estimated numerically (see table 3.10).  

 
Note : what is plotted here about analytical methods (CNR, Schijf) is depression of waterlevel z , which can 
be assimilated to vessel sinkage only when Bc/B is not too high. See (3.9) to (3.11) and correction 
coefficient about z for sinkage at bow (4+Bc/B)/(3+Bc/B) and 1.25 for sinkage at stern. 

 
Formulas used in the calculation  
Römisch,  Huuska-Guliev,  Yoshimura-Ohtsu, Barrass, and Ankudinov (2009), formulae are given hereafter. 
 
"Waterline" length Lwl is used hereafter instead of "between perpendicular" Lpp - waterline at full load -  
which is used in the original formulae of Ankudinov.  
Block coefficient of vessel is 𝐶𝑏 = ∇/(𝐿𝑤𝑙𝐵𝑇), where ∇ is the volume displacement of the vessel (m3). 

 
Romisch formula (1989)[36][13][15ef],may well be the only suitable for inland waterways: It follows the 
aspect of the curves from analytical methods and uses the sub critical speed Vcr of Schijf’s theory. 
 
At the bow :  Sb = Cv Cf KΔTT ,  and at the stern    Ss = Cv KΔTT   (5.1) 

𝐶𝑣 = 8(
𝑉

𝑉𝑐𝑟
)
2
[(

𝑉

𝑉𝑐𝑟
− 0,5)

4
+ 0,0625]             (5.1.a) 

𝐶𝑓 = (
10𝐶𝑏

𝐿𝑤𝑙/𝐵
)
2
                  (5.1.b) 

𝐾𝛥𝑇 = 0,155√ℎ/𝑇                  (5.1.c) 

 
Critical speed Vcr is is obtained by multiplying a celerity C by a shape coefficient K : 

 
In confined water conditions (canal or river), Schijf’s theory is used - see (3.4)&(3.7.1) :   

Vcr = Vl = CmKc ,   Kc = Fnh1 from (3.4)   and  Cm=√𝑔𝐻𝑚       (5.1.d) 

Laterally unrestricted : 𝑉𝑐𝑟 = 𝐶𝐾𝑢, 𝐾𝑢 = 0,58 [(
ℎ

𝑇
) (

𝐿𝑤𝑙

𝐵
)]

0,125
, 𝐶 = √𝑔ℎ       (5.1.e) 

Restricted (dredged channel) :  Vcr = CmT Kr ,  𝐶𝑚𝑇 = √𝑔ℎ𝑚𝑇 ,  

 ℎ𝑚𝑇 = ℎ −
ℎ𝑇

ℎ
(ℎ − 𝐻𝑚)  , 𝐾𝑟 = 𝐾𝑢(1 − ℎ𝑇/ℎ)+ Kc(ℎ𝑇/ℎ)       (5.1.f) 

 
(It should be avoided to use older (1977) versions, and/or, as often found in literature, tables estimating Kc, 
or, worst, an approximate formula where Kc = Fnh1  ≈ 0,2472*Ln(1/m)+0,0241 which gives erroneous 
results outside a range of validity which is not always mentioned).  
 
Huuska – Guliev formula [13] is based on “slender body” theory     (5.2)  

 𝑆𝑑  =  𝐶𝑠
∇

𝐿𝑤𝑙
2

𝐹𝑛ℎ
2

√1−𝐹𝑛ℎ
2

𝐾𝑠     , with  C s = 2,4 ,   Ks=7.45s1+0.76 and s1 = m/K1,    

Confined water : K1=1 , restricted water : K1 =f(m) is given as curves or polynomials  for  4 values of hT/h 
(0.2 - 0.4 - 0.6 - 0.8) 
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Yoshimura-Ohtsu formula          (5.3) 

 𝑆𝑑  =   
1

𝑔
[(0.7 +

1.5

ℎ/𝑇
) (

𝐶𝑏

𝐿𝑤𝑙/𝐵
) +

15

ℎ/𝑇
(

𝐶𝑏

𝐿𝑤𝑙/𝐵
)
3
] (

𝑉

(1−𝑚)
)
2
         

for laterally unrestricted water, m=0 ;  the term «(1-m)» has been added by Ohtsu in 2006 
 

Barrass formula [13] is the easier to use to get quickly an order of magnitude   (5.4)  
 

 𝑆𝑑  =   𝐾 𝐶𝑏 𝑉𝑘
2/100   , where speed Vk  is in knots (1 knot= 1,852 km/h)    (5.4.1) 

K = max (5,74m0.76, 1)  K=1 for unrestricted water and confined water for m<0,1 
 

other versions published:  𝑆𝑑  =   𝑚0.81 𝐶𝑏 𝑉𝑘
2.08/20         (5.4.2) 

(1979) :  𝑆𝑑  =   (
𝑚

1−𝑚
)
2/3

𝐶𝑏 𝑉𝑘
2,08/30   ; (2002) :  𝑆𝑑  = (6𝑚 + 0.4) 𝐶𝑏  𝑉𝑘

2/100    

 
Barrass proposes as well a « distance of influence » We arround the vessel   (5.4.3) 

  𝑊𝑒  = 𝐵(7.04/𝐶𝑏
0.85)  ; We is therefore between 7,5 and 12B when Cb is between 0.93 and 0.55 

 
Ankudinov formulae version  2009 as described by M.Briggs in 2009-2011 [15ef] :  
 
Ankudinov formulae seem to be based on the “slender body” theory : As noted by M.Briggs [15e], “Ship 

forward speed parameter” (5.5.f), and early versions (5.5.f’)& (5.5.f”) are an approximate value of  𝐹𝑛ℎ
2  /  

√1 − 𝐹𝑛ℎ
2  , and final result is very sensitive to this term, particularly when Fnh>0,45. This may be inadequate 

for inland vessels & inland waterways.  
 
Bow squat   : Sb = Lwl (Sm-0,5Trim), stern squat :  Ss = Lwl (Sm+0,5Trim)    (5.1) 

 
Sm=(1+𝑲𝒑

𝒔)𝑷𝒉𝒖𝒍𝒍𝑷𝑭𝒏𝒉
𝑷+𝒉/𝑻𝑷𝑪𝒉𝟏     and     Trim= -1.7𝑷𝒉𝒖𝒍𝒍𝑷𝑭𝒏𝒉

𝑷−𝒉/𝑻𝑲𝑻𝒓𝑷𝑪𝒉𝟐 (5.5.a) 

 
Propeller parameter for Sm : 𝐾𝑝

𝑠 =0,15 (one propeller) or 0,13 (2 propellers)  (5.5.c) 

Propeller parameter for Trim : 𝐾𝑝
𝑇 =0,15 (one propeller) or 0,20 (2 propellers)  (5.5.d) 

Ship hull parameter  :  𝑃ℎ𝑢𝑙𝑙 = 1.7 𝐶𝑏 (
𝐵𝑇

𝐿𝑤𝑙
2 ) + 0.004𝐶𝑏

2    (5.5.e) 

Ship forward speed parameter : 𝑃𝐹𝑛ℎ
= 𝐹𝑛ℎ

(1,8+0,4𝐹𝑛ℎ)
      (5.5.f) 

Water depth effects parameter   : 𝑃+ℎ/𝑇 = 1 +
0.35

(ℎ/𝑇)2
      (5.5.g) 

Channel effects parameter : 𝑃𝐶ℎ1 = 1 + 10𝑆ℎ − 1.5(1 + 𝑆ℎ)√𝑆ℎ    (5.5.h) 

Channel depth factor : 𝑆ℎ = 𝐶𝑏 (
𝑚

ℎ/𝑇
) (

ℎ𝑇

ℎ
)  

(laterally unrestricted situation :    ℎ𝑇 = 𝑆ℎ = 0)     (5.5.i) 

Vessel trim parameter : 𝑃−ℎ/𝑇 = 1 − 𝑒
[
2.5(1−

ℎ
𝑇
)

𝐹𝑛ℎ
]

       (5.5.j) 

Trim coefficient  : 𝐾𝑇𝑟 = 𝐶𝑏
𝑛𝑇𝑟 − 0.15𝐾𝑝

𝑠 − 𝐾𝑝
𝑇 − 𝐾𝐵

𝑇 − 𝐾𝑇𝑟
𝑇 − 𝐾𝑇1

𝑇    (5.5.k) 

 « Trim exponent» for  Cb  : 𝑛𝑇𝑟 = 2 + 0.8
𝑃𝐶ℎ1

𝐶𝑏
        (5.5.l) 

Bulbous bow factor  : 𝐾𝐵
𝑇 =0 (no bulbous bow) or 0,1 (with bulbous bow)  (5.5.m) 

Stern transom factor  : 𝐾𝑇𝑟
𝑇 = 0,1

𝐵𝑇𝑟

𝐵
,  with :   

        𝐵𝑇𝑟 = Stern transom width at waterline (0 if no transom), typically 𝐵𝑇𝑟 = 40% 𝐵  (5.5.n) 

Initial trim effect factor  : 𝐾𝑇1
𝑇 =

(𝑇𝑎−𝑇𝑓)

(𝑇𝑎+𝑇𝑓)
       (5.5.o) 

Channel effect trim correction parameter : 𝑃𝐶ℎ2 = 1 − 5𝑆ℎ     (5.5.p) 
 
Early versions 1996 - 2002 of Ankudinov formulae (MARSIM 1996-2000) [15abcd] :  
Sm=(1+𝑲𝒑

𝒔)𝑷𝒉𝒖𝒍𝒍𝑷𝑭𝒏𝒉
𝑷+𝒉/𝑻𝑷𝑪𝒉𝟏 − 𝒌𝟏 and Trim= -2.5𝑷𝒉𝒖𝒍𝒍𝑷𝑭𝒏𝒉

𝑷−𝒉/𝑻𝑲𝑻𝒓 + 𝒌𝟐  
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where 𝑘1 =0.005𝐹𝑛ℎ
10 [

(1−𝐶𝑏)(
𝐿𝑤𝑙

𝐵
)

(1−0.95𝐹𝑛ℎ
10)

]  and  𝑘2 = 𝑘1𝑃+ℎ/𝑇                (5.5.a’) 

Speed parameter [15c]: 𝑃𝐹𝑛ℎ
= 𝐹𝑛ℎ

(1,8+0,4𝐹𝑛ℎ)
+ 0.5𝐹𝑛ℎ

4 + 0.7𝐹𝑛ℎ
6 + 0.9𝐹𝑛ℎ

8             (5.5.f’) 

 

Speed parameter [15b]: 𝑃𝐹𝑛ℎ
= 𝐹𝑛ℎ

2 + 0.5𝐹𝑛ℎ
4 + 0.7𝐹𝑛ℎ

6 + 0.9𝐹𝑛ℎ
8   and 𝐹𝑛ℎ = 

𝑉

√𝑔ℎ
𝑃𝐶ℎ1

0.25 instead of  
𝑉

√𝑔ℎ
 (5.5.f”) 

Ship Hull parameter [15bc] :  𝑃ℎ𝑢𝑙𝑙 = 1.2 𝐶𝑏 (
𝐵𝑇

𝐿𝑤𝑙
2 ) + 0.003              (5.5.e’) 

Water depth effects parameter [15b] : 𝑃+ℎ/𝑇 = 1 +
0.2

(ℎ/𝑇)2
              (5.5.g’) 

 
Conditions of use of these formulae, either as the original recommended range, or, as corresponding to 

test conditions for actual cases, have mainly been found as follows in the literature (tables 5.5): 
 

 
C = « Canal », R = « Restricted » (dredged channel), U = « Unrestricted» (laterally, see figure 1.1)

 

6 PROPULSION OF INLAND VESSELS 

It is necessary to remind some fundamentals of ship propulsion, in order to show how they are affected by 
restricted water, and what kind of technical solutions may be efficient. 

 
6.1 Sequence of efficiencies between propeller and fuel tank – Propulsion efficiency 

 
From the resistance of the vessel Rt at speed V, to the  power on the shaft of the engine Pbr, there is a 
sequence of losses defined by efficiencies illustrated in figure 6.1 and known as : efficiency of propeller in 
open water η0 (losses from the shaft to the thrust of the propeller), relative rotative efficiency ηr, (losses or 
gains due to non-parallel flow arriving to propeller),  efficiency of hull ηh (interaction between hull and 
propeller), and  mechanical efficiency (losses in shaft and gear box) ηm.  
 

 waterway & interface vessel - waterway 

 C R U h/T Ab/Ac hT/h L/h Bc/B(a) 

Romisch (1974 - 1989) x x x 1.19-2.25 0.032-0.43 (b)    

Huuska-Guliev (1976) x x x 1.1-2 0.05-0.25 (b) 0.22-0.85   

Yoshimura (1986)- 

Ohtsu (2006) 

x x x 
>=1.2     

Millward (1990&1992)   x  <0.08(b)  6-12  

Eryuzlu 2 (1994)   x 1.1-2.5     

Eryuzlu-Hausser (1978)   x 1.08-2.78    7-13 

Soukhomel & Zass (1958)   x     6-13 

Barrass (1995-2002) x x x 1.1-1.4 0.1-0.25   5-13 

Dand&Ferguson (1973) x   1-1.5    <5 or >7 

Ankudinov (1996-2009) x x x 1.05 – 1.3 0.1-0.25   3 – 8 

 

  

 vessel dimensions  

Tables 5.5 : 
conditions of use of  

squat formulas  
generally mentioned  
in ref. [12],[13], [39], 
[15]b, [15]e except  

(a) & (b) from ref. [38]: 
 (a) mentioned as with 
satisfactory results; (b) 

mentioned as 
restrictions  

 Cb B/T L/B L/T 

Rhine Vessel <=135m  0.87-0.93 2 - 4 7.5-11,8 15-65 

Romisch (1974 - 1989)  2.6 8.7 22.9 

Huuska-Guliev (1976) 0.6-0.8 2.2-3.5 5.5-8.5 16.1-20.2 

Yoshimura (1986)-Ohtsu(2006) 0.55-0.8 2.5-5.5 3.7-6  

Millward (1990&1992) 0.44-0.8    

Eryuzlu 2 (1994) >0.8 2.4-2.9 6.7-6.8  

Eryuzlu-Hausser (1978) 0.6-0.8    

Soukhomel & Zass (1958)   3.5-9  

Barrass (1995-2002) 0.50-0.85    

Dand&Ferguson (1973)(Schijf) 0.80-0.9    

Ankudinov (1996-2009) <=0.7 ; 0,83 2.5 - 4.6 5.25 -9.2 13.5 – 48.5 
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From water to engine, the propulsion efficiency ηp, is the ratio between towing power, or net “useful” 
power, Pu, and actual engine power (named “brake power” when measured on a bench) Pbr or Pb. 

 
Pu = Rt V     Pbr = ηp Pu = ηm ηh ηr η0 Pu ,  and  ηp = ηm ηh ηr η0     (6.1) 
 

 ηm is from 0,98 to 0,955 , i.e. about 1,5% loss per gear or while crossing the hull,  

 ηr is generally between 0.97 to 1.03. 
 

 

       Figure 6.1 : power chain and sequence of efficiencies : Actual hydrodynamic power Pu, (« useful » 
power), thrust delivered by the propeller Pt (« thrust power»), power on the shaft out of hull Pd 
(« drive power»), on shaft after gearbox Ps (« shaft power»), on engine shaft Pbr (« Brake power»), at the 
fuel tank Pi (« internal power»). Propulsion efficiency is ηp = Pbr/Pu , mechanical efficiency is ηm = Pbr/Pd , 
hull efficiency is ηh , relative rotative efficiency is ηr  and ηh ηr = Pt / Pu , while the open water efficiency of 
the propeller is η0 = Pt /Pd .Total efficiency of the vessel (from fuel to water) is ηb = ηi ηp. 

 
Engine power delivered on the shaft is Pb or  Pbr , fuel consumption Fc (liters/hour),  internal engine 
efficiency ηi, specific consumption Cs (g/kWh), fuel density (kg/litre), and fuel energy content ec  (kWh/kg)  
or Ec (kJ/kg) are linked by the equations : 

 
         Pbr = ηi Pi  ,  ηi = 1000 / Cs ec ,  and  Fc = Pi/(ec ρc)/1000  = Pbr/(ηi ec ρc)/1000   (6.2) 
 
Typical values for ηi is at the best 35% to 40% on inland Diesel engines (<2000 kW), 0.84 kg/liter for ρc , 

215 g/kWh for Cs when ηi = 39%, and 42700 kJ/kg for ec (kWh/kg)  = Ec (kJ/kg) / 3600 
 

6.2 Hull coefficients and their characteristics on inland vessels 
 

“wake” and “thrust” coefficients w and t, hull efficiency ηh 
The water arrives at the propeller at a speed Va lower than the speed of the vessel V, due to the stern 
shape and the quantity of water “moved” around the vessel, called the “wake” effect. Obviously, the speed 
Va is only an average over the surface of the propeller disc, of very different punctual speeds. 
As there is a difference of pressure from bow to stern, thrust of the propeller(s) Ft is higher than the drag 
resistance Rt of the vessel. The relationship between Va, V, Ft, Rt, and hull efficiency ηh  are : 

 
Va  = V (1-w),        Rt  = Ft (1-t)  ,       and  ηh = (1-t)/(1-w)      (6.3) 

 
w and t are called respectively the « wake » and the « thrust » fractions,  and are normally from 0 to 1. 
It can happen for fast and thin speed boats that w < 0, which means that Va >V. 

 
High values of wake fraction on inland vessel, low propulsion efficiency  
The wake fraction w is much higher, i.e. easily double, for an inland vessel of which block coefficient Cb is in 
0,85…0,95, compared to a marine ship which Cb is only in 0,5…0,7 (table 6.2).  
An inland vessel may have such a high wake that the water around it is at same speed as the vessel itself, 
so that w may reach 1, i.e. Va = 0 and the propeller may be in “bollard” conditions. High values of w can 
also be found on large pushed convoys, even higher than 1 (Va < 0 at propeller, i.e. flow may  come from 
rear side) (figure 6.3 & 6.4);  
 
High values of w mean a lower inflow speed to the propeller, which leads to a low propeller efficiency η0, 
and, particularly associated with high values of t, to a low overall propulsion efficiency ηp. 
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Typically, ηhη0 , (and therefore ηp), is over 60% on sea ships, and only from 20% to 55%, on heavy inland 
vessels while cruising;  ηh tends to be high (infinite in “bollard” conditions, i.e. when V=0) while η0 tends to 
be low (0 in “bollard” conditions)  for these vessels. 

 
Formulae to estimate wake and thrust fractions w and t  
There are many formulae, complex or simple, to estimate w and t for a sea ship; Complex formulae include: 
Schoenherr (1934) [25][26] [33][17e], Senher (1949)[23], Harvald (1951)[23], Telfer (1975) [24][25], and 
Holtrop & Mennen (1982 & 1984) [25][10][11]; Some simple formulae are : 

 
E.E. Papmel  (1936) modified by A.M.Basin & I.Ya.Miniovich (1963, University of Leningrad [23], [1]) for 
inland vessels and pushers, for  w, combined with Taylor’s formula for t : 

w = 0,11 + 
0,16

n
C

b

𝑛𝑝√ √∇
3

D
− Δw ,                  (6.4.1) 

t = 0,6w(1+0,67w) for one propeller, or t = 0,8w(1+0,25w) for 2 propellers             (6.4.2) 
 
np = number of propellers (1 to 4), D propeller diameter, Cb block coefficient 
𝛥w = 0 when Fn ≤ 0,2 (all freight vessels), otherwise 𝛥w = 0,1(Fn-0,2)  
When there are « hull tunnels  », D is to be replaced by T 
When little depth and flat underhull  and B/T = 6 à 8, np is always taken at np =1 
When 3 propellers with “combined” tunnels, np may have to be taken at np = 2 
Recommended diameter: D = 0,7 à 0,8 T (1 propeller ), D = 0,6 à 0,7 T (2 propellers), smallest value 
for self propelled vessels, largest value for pushers,  

Note : the original (1936) Papmel formula was [23]:   𝑤 = 0,165𝐶𝑏

𝑛𝑝√ √∇
3

𝐷
− Δ𝑤           (6.4.3) 

 
Taylor [25][26][23][1]           (6.5) 
w = 0,5 Cb – 0,05   (one propeller) or  w = 0,55 Cb – 0,2   (two propellers)  
t = 0,6w(1+0,67w) (one propeller)   or  t = 0,8w(1+0,25w) (two propellers)  

Cb Taylor (1) Taylor (2) Hecksher Taylor (1) Taylor (2) Hecksher

0,45 0,175 0,138 0,048 0,018

0,50 0,200 0,230 0,174 0,075 -0,038 0,054

0,55 0,225 0,234 0,209 0,103 -0,021 0,089

0,60 0,250 0,243 0,244 0,130 0,007 0,124

0,65 0,275 0,260 0,280 0,158 0,045 0,160

0,70 0,300 0,283 0,315 0,185 0,091 0,195

0,75 0,325 0,314 0,350 0,213 0,143 0,230

0,80 0,350 0,354 0,386 0,240 -- 0,266

0,85 0,375 0,400 0,421 0,268 -- 0,301

0,90 0,400 0,477 0,456 0,295 -- 0,336

0,95 0,425 0,492 0,323 0,372

w  - double screw vesselw - single screw vessel
 

Table 6.2 : indicative values of wake fraction 
w for a ship, depending of block coefficient 
Cb, using simplified formulae from Taylor (1), 
Hecksher, or from values of 150 ships 
published by Taylor (2) in 1933[17e]. Freight 
inland vessels have Cb>0,85 ; 
Values of (w - t) for a “Spits” or a Campine 
Barge may reach (0,4-0,3) to (0,5-0,4) and 
ηp  be as low as 20% 

 
Figure 6.3 :  
CFD calculation and stern 
design optimization, by DST, 
Duisbourg: reverse flow to 
the propellers in red (w >1, 
left), has disappeared  on 
right image. 

Figure 6.4 : example with possible backflow 
where wake fraction may be w >1, on some large 
pushed convoys  
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Hecksher [25][26] (Cp is the prismatic coefficient of the vessel)     (6.6) 
w = 0,70 Cp – 0,18 (one propeller)    or w = 0,70 Cp – 0,30  (two propellers)  
t =  0,5 Cp – 0,12 (one propeller)  or t =  0,5 Cp – 0,18  (two propellers)      
 
Schiffbaukalender [25][26] (one propeller)  w = 0,75 Cb – 0,24   and t =  2/3 w +0,01   (6.7) 
 
Use of formulae to estimate wake and thrust fractions w and t  
Holtrop & Mennen formulae are widely used for naval architecture, but should be taken with high 
precautions regarding inland vessels which are often at the margin, if not out, of their range of validity.  
 
Regarding large self-propelled vessels with 2 propellers, all formulas (6.4) to (6.7) seem to give consistent 
results together with Holtrop & Mennen, all leading  to comparable values of ηp and higher efficiency than 
arrangements with single propeller. 
 
For single-screw self-propelled vessels, Holtrop & Mennen formula may lead to highly optimistic if not 
irrealistic results for ηp , for some vessels with very high block coefficient such as “Spits” (L = 38,5m x B  = 
5,05 x T= 2,50m, Cb= 0,94-0,95).  For these vessels, formula (6.4), leads to the highest values of (w, t) and 
the lowest values of ηp, while the Schiffbaukalender’s formula (6.7) leads to lower values of (w, t) and higher 
propulsion efficiencies ηp in  between Holtrop & Mennen and (6.4). Formula (6.5) is generally intermediate 
between (6.4) and (6.7). For pushers and convoys, (6.4.1) may be used, with due care about conditions of 
use. 
 
These formulae are not always taking into account the changes of w and t with the speed and the 
confinement, and when then do, are probably not considering them sufficiently and accurately.  
But there are the only available, so a large and important field of investigation remains open. 
New theories, comparable to that of Schijf, but concerning, for example, the effect of the return current u on 
the propeller and its interface with the wake, the limitation of outflow in a propeller in confined water, and 
wake effects in the back section of the hull of an inland vessel in different confined conditions, have yet to 
be written, to place the knowledge about propulsion at a level comparable to what it is on resistance. 
 
Importance of optimized stern arrangement and hull coefficients for inland vessels 
 
With high constraints on dimensions due to locks, and high block coefficient, inland vessels have low 
propulsion efficiency which is particularly sensitive to an adequate stern arrangement. Figure 6.5 shows the 
same vessel, with same resistance but different stern arrangements, needing from simple to double engine 
power (from 650 to 1370 kW) at the same cruising speed 11,5 km/h. 
 

 
  

 
 
 

Figure 6.5 (courtesy of DST, 
Duisbourg): Effect of 4 different 
stern arrangements for an inland 
vessel of same resistance Rt ;  
The water supply of the 
propellers, has high 
consequences on hull coefficients 
w and t, and therefore on 
propulsion efficiency ηp, leading to 
engine power Pd (here on 
propeller shaft, without ηm) from 
650kW to 1370kW for the same 
hydrodynamic power Pu = V Rt 
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6.3 Propellers and propulsion efficiency of inland vessels 
 

Standard, non-dimensional, diagrams for a propeller have the aspect shown on  figure 6.6: Coefficients 
J /Kt / Kq link speed Va (m/s) of the water incident to the propeller, efficiency in open water η0 , thrust Ft  
(N), torque Q (m.N), diameter D, and rotative speed n (rev/s). Each propeller has a pitch of blades p, and a 
total area of blades Ae, defined by ratio p/D and Ae/Ao where Ao = 𝜋 D2/4.  
Propellers of figure 6.6 have 4 blades, Ae/Ao = 0,7 (code “4-70”), and pitch p/D from 0,486 to 1.   
   

  
 

Dimensional diagram speed-resistance 
Actual parameters plotted together, instead of non-dimensional coefficients, are unusual but allow 
understanding the effects of confined water on propulsion. Figure 6.7 shows, as a function of actual speed 
V of the vessel relative to the water, the resistance Rt of the vessel in open (green) and confined water 
(red), overall propulsion efficiency ηp = ηm ηh ηr η0 (continuous black, dark blue and light blue lines), and 
resistance opposed to the thrust of the propellers Rt = Ft (1-t) (dotted black and blue lines).  
ηp and Ft(1-t) appear now as quasi linear depending on speed V, for the B-Series original propeller; for 
Ka+N19A, higher value of η0 for J< 0,50 on figure 6.6, covers now, as  ηp, all usable speed range. 
 

  
 

Effects of confined water on propulsion  
On this example, it can be seen that speed and propulsion efficiency drop from point A, open water, VA=15 
km/h and ηpA∞ = 52,4%, to point B, confined water, VB=9,9 km/h and ηpB= 34,5% ;   
At speed VB, the resistance (26 kN) is more than triple in confined water than in open water (8,1 kN);  And 
from A to B, the propulsion efficiency and the speed have dropped by nearly 35%.  
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Figure 6.6:  standard 
performances diagram of a B-
Series, naked, propeller (black), 
Kaplan propeller with Nozzle 
N19A (dark blue), and  a “Pump 
Propeller”(light blue)  
 

Non-dimensional coefficients : 
J (“Advance” coefficient) 
Kt (« Thrust » coefficient),  

Kq,(« Torque » coefficient), 
η0 (« open water efficiency »)  
are linked with Va, η0 , Ft, Q, D, n 
by formulae :  
 

J = Va /nD               (6.8) 
Kt = Ft  / 𝜌n

2
D

4  
(6.9) 

Kq = Q / 𝜌n
2
D

5
              (6.10) 

η0  = J Kt / 2πKq              (6.11) 

 

 
Figure 6.7: Resistance in open 
water and confined water of the 
Campine Barge in the waterway 
of figure 4.7, with propellers 
from figures 6.6 & 6.8; 
 
Hull coefficients w, t and 
efficiency ηr are from Holtrop & 
Mennen, efficiency ηm is from 
(6.1),  
 
η0 and resistance to thrust Rt=Ft 

(1-t) are from figure 6.6 and 
formulae (6.3) and (6.8) to (6.11) 
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High efficiency, for a propeller, requires slow rotation, high diameter D, high water speed Va.. This is 
precisely what is difficult to achieve for an inland vessel with dimensions and speed under constraints. 
 
Nozzles around propeller (figure 6.8) allow higher thrust and efficiency, as they eliminate the turbulences 
(vortex) at the end of the blades, on a similar way as “winglets” do at the end of airplanes wings. However, 
the Nozzle has its own drag, and there is a speed at which the negative effect of this drag is higher than the 
increase of efficiency at the end of the blades. It can be seen on figure 6.6, that dark blue continuous line 
(“Kaplan”, Maltese-cross propeller with Nozzle 19A, see figure 6.8), is higher than the black line (“naked” 
propeller with rounded blades “B-Series”) under J =0,50 only. This shows that propellers with nozzle, widely 
used for tugs, are more efficient only at low speed.  

 
Pump Propeller (“Pompe Hélice”, figure 6.8), imagined by Chr. Gaudin, developed by Ship-ST with a 
design of DGA Hydrodynamics [35]ab, and built by Masson Marine, is an interdependent system with a 
nozzle completed by a stator avoiding swirl of water before and after the propeller, and a rotor optimized for 
both nozzle and stator, and to repel cavitation on overall blades surface (instead of 70% of the radius for 
standard propellers). It allows higher efficiency, much less vibrations and cavitation, more thrust, and more 
speed, than a conventional propeller with nozzle. It is in operation, from 75kW to 2500 kW, on sea ships. It 
may be a way of progress for inland vessels, particularly pushers.  

 

   
 

Savings of engine power, and of fuel, with nozzle propellers  
On the example given in figure 6.7, have been plotted, in dotted lines, the curves of Rt = Ft (1-t) of “Pump 
Propeller” (light blue) and Kaplan with nozzle 19A (dark blue), at a rotational speed adjusted, in order to 
deliver the same thrust (26 kN) than the B-Series “naked” propeller (black) at point B. 
The plotted efficiency (continuous lines) of B-Series (black) at point B is ηpB = 34,4% only, while the Kaplan 
with N19A (dark blue) delivers ηpBN  = 50,9 %, and for the “pump propeller”, ηpBP  = 59,4%. 
 
Propellers with nozzle allow same thrust and speed, with less engine power (and fuel consumption):  In this 
example,  ηpB / ηpBN -1 = -32% for Ka+N19A, ηpB / ηpBP -1 = - 42% for “pump propeller”, which is here the 
only one able to reach more efficiency than the original propeller in open water. 

7 EXAMPLE OF A COMBINED MODEL AND RESULTS 

7.1 Model description  
 
The model, presented diagrammatically in figure 7.1, is designed for the subcritical area, more for 
displacement vessels, as a sequence of modules estimating step by step all the chain, from the shape of 
the vessel (i.e. from L, B, T only, when no available drawing), to the engine and fuel consumption. 

 
Shape coefficients of a vessel (Block coefficient Cb, Prismatic coefficient Cp, etc..), may be estimated 
using ratios proposed in [1] when they are not available from drawings; More or less “full” shapes (ie slightly 
different Cb) are available for a given set of (L, B, T) in this model. These ratios proved to be more adequate 
for vessels from J.Welker/RHK (85mx9.50m) to Rhine vessel size (135m x 11,40m), as they may give a 
block coefficient Cb around 0,88, too low for very small vessels as “Spits” (“Péniche” in France, L=38,5m x 
B=5,05m) which actual Cb is around 0,94-0,95 at full load.   
 

 

Figure 6.8  pictures from [35]a, taken at 
premises of DGA Hydrodynamics - Val de 
Reuil (tests and evaluations center for 
defense applications):  

 

- Left : standard propeller “Kaplan” with 
Nozzle N19A,  
(Ka+N19A) (rear view) 

 
- Right : “Pump Propeller” “Optipropulseur” 

from ATMA project (front view) 
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Resistance in open water is estimated, when not available for self-propelled vessels, by using Holtrop & 
Mennen [10][11] and Guldhammer &Harvald [9][1] formulae. These empirical methods have been 
implemented without the simplifications used in [1], and, for the Guldhammer & Harvald method, using the 
numerical formulae of [1], instead of the original paper diagrams.   
As both methods are valid for Cb ≤ 0,85 only, and, for Guldhammer &Harvald, from Fn=0.15 to Fn=0.45, they 
should be out of range for inland vessels with 0,85 ≤ Cb ≤ 0,95 and 0 ≤  Fn ≤ 0,18.  
It is therefore assumed that, as long as both give identical result, this result is supposed to be valid. 
This is obtained by a great care on sensitive parameters such as %Lcb and Cwp, particularly for Holtrop & 
Mennen method, and by remembering that, while this one is using viscous resistance and wave making 
resistance, the other one uses different concepts (friction resistance, residual resistance). 
A cross check is envisaged through the Hollenbach method.  
Regarding pushed convoys, formulae from Marchal et al, Howe, and Gebber-Engels are also available – 
but should not be too much trusted beyond 80%, or so, of the critical speed Vcr. 
Some misprints in formulae found in [1], regarding [9] and [8], have been corrected. 

 
Fouling has been modelled according to ITTC 78 (also part of Holtrop & Mennen method), ITTC 84, of 
much lower friction, and Newton-Aertssen Formula (1963) (7.5) [20][21][22][25], as follows : 

 

Additional resistance due to fouling: Rfo  = 
1

2
𝜌 𝑆𝑚𝑉2(𝐶𝑓1 − 𝐶𝑓0)         (7.1) 

Holtrop &Mennen [10][11] : Cf0 = 0 , and  Cf1 = (0,105ks1
1/3-0,005579)/Lwl 

1/3         (7.2) 
ITTC 78 :          1000Cf0 = 105(ks0/Lwl)

1/3-0,64 ,and 1000Cf1 = 105(ks1/Lwl)
1/3-0,64     (7.3) 

ITTC 84 :          1000Cf0 = 44[( ks0/ Lwl)
1/3-10Re

-1/3]+0,125,    
                      and  1000Cf1 = 44[( ks1/ Lwl)

1/3-10Re
-1/3]+0,125         (7.4) 

 
Cf0 / Cf1  and, ks0 / ks1 , are friction coefficient and height of roughness of hull without / with fouling, ks0  =150 
10-6 m (150 µm), and d is the number of days at sea of the Newton-Aertssen formula (1961):  
 

ks1 / ks0 = 1+1.40d/(630+d)   (7.5),  [25] also proposed : ks1 / ks0 = 1+0,90d/(405+d)    (7.6) 
 

For inland vessels far in inland unsalted areas, it may be that one year may correspond to one month at sea 
water using (7.2 )/(7.3) & (7.5), so that effects of fouling would represent 1 to 3% of resistance far inland, 
instead of 6 to 7% when exposed to sea water, after 3 to 4 years without cleaning hull.  
It can be noted that, while approaching close the sub critical speed Vcr  in a very confined waterway,  
relative importance of fouling decreases and becomes negligible, as resistance increases dramatically. 

 

Confined water resistance modules allow estimate of resistance in all cases described in chapter IV, plus 
squat estimate in all cases of chapter V, and even obsolete estimate of wave making resistance as Rw(V) = 
Rw(V∞+xu) as seen sometimes in the 1970’s litterature, instead of Rw(V∞,Vcr).   
It is also possible to use z obtained from a squat formula, to build a virtual canal of depth h around the 

1 1 1 B-series 1 Fixed efficiency

1 2 Ka4-70+N19A 2

2 2 Papmel 1934 3 Ka4-70+N37

ARTEMIS 3 Taylor, 1975 4 Ka5-75+N19A 3

formulas 4 Hecksher, 1960 5 Gawn Series
2004 2 Karpov & Artjushkov 5 Schiffbaukalender 1960 6 4

6 Holtrop&Mennen 1982

3 "Canal" : 7 Holtrop&Mennen 1984 7

Rw(V) = Rw(V∞,Vcr) + best p/D & Ae/Ao 

+ Cavitation check

(*) squat formulae :

Römisch (1989), 1 J.Marchal et al formula

Barrass (2004), Eryuzlu (1994), 2 Howe formula

Huuska-Guliev,Yoshimura-Ohtsu, 3 Gebber Engels formula

Ankudinov (2009), Millward (1990&1992) (+CNR method)
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Figure 7.1 model diagram and modules 
allowing estimates of: shape of vessel, 
resistance in open and confined water, 
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vessel in shallow water case, estimate u using (3.2), and then W=w using (3.1), to use “Canal” case.  
 
Hull coefficients w, t may be estimated from 7 possibilities, keeping in mind comments and recommended 
uses of chapter VI. Note that wake fraction w  can also be measured, using modern engines instruments  
(see  “engine models” below), which allow to know precisely the mechanical power on shaft Pb (Watts), 
and rotation speed Nm of engine and propeller Np (rev/min) : this allows to know the torque Qm (N.m) at the 
engine and Qp on the propeller, and then, knowing the characteristics of the gearbox r and ηm , and the 
propeller curve (figure 6.6), Kq , then J, Va, and w:   
 

w = 1- Va /V (6.3),   and Qm = Pb / ωm  = Pb /(2π Nm)  , r = Nm /Np  , and Qp = ηm ηr r Qm  (7.7) 
 

Propeller curves 1 to 5 are using published polynomials [30][31][32][33][34], selecting those with no 
misprints in coefficients, checked against published measured curves [28][31]a; Gawn series are  from DL 
Blount & EN Hubble (1981)[34] but should be checked against further works; Meyne-VDB series (7 blades 
skewed propellers), from DST at Duisbourg, are with or without N19A; Pump Propeller polynomials (figure 
6.6 & 6.8), used in the ATMA and MOVE IT projects [35]ab, are from Ship-ST.   
The model can optimise pitch p/D and/or area ratio Ae/Ao for a given diameter. Keller criteria [30] [10] is 
used to detect cavitation.    
Ae/Ao should be chosen to repel cavitation further maximum speed in confined water, and pitch p/D for 
inland vessels can be optimized for 60%-70% of Vcr or/and of maximum speed in open water. 

 

Engine models include several possibilities, from a single constant value of ηi  (6.2) which can be chosen 
from 33% to 40% (from old Diesel to electronic injection Diesel), to curves of actual engines, and also sets 
of generic or old CAT engines , with a model of Diesel proposed in [1] (based on internal parameters such 
as internal friction, fuel energy content, displacement volume, etc..) as : 

 

        Cs = A (1+B Pb
-1/3 + C Pb

-2/3) , where A, B, C are constant for a given engine and fuel      (7.8) 
 

This model has to be taken carefully, because modern engines with electronic injection have a rather flat 
curve of efficiency around 39% to 41% from, say, 900-1000 RPM or so, to maximum. Modern engines such 
as CAT are now fitted with a fuel flow-meter, and a display of instant % of use of maximum available power 
Pbmax depending of RPM, allowing to know Pb , ηi  , Cs , the torque Qm, and therefore also wake fraction w, at 
any time, knowing only the precise engine and propeller curves. 

 

Among envisaged improvements, is an estimate of wash waves arriving to the banks of the waterway 
[43][46][47], introduction of more resistance methods (Hollenbach), and more propellers (BB-Series+N19A 
…). It is also envisaged to experiment a new “shallow water” method , using a return current u with friction 
under the hull as given by Stolker & Verheij (2006)[45] as an improvement of Maynord’d formula (1996) for 
viscous resistance, instead of Schlichting’s measured  curve. 

 

Uses of the model 
The model has mainly been used to explore and compare the modelling methods on the MOVE IT project 
(WP3), and on practical cases: research PROMOVAN project, transport studies and canal design, and 
diagnosis of artisanal vessels, to understand under what condition they sail and what kind of improvements 
(engine, propeller…) would be efficient to implement with what kind of results. 
 

7.2 Main outputs – resistance and propulsion analysis  
 

Figure 7.2 (diagram + table) shows a typical output corresponding to figures 5.2 & 7.5, about a vessel on 
the Seine near Paris. The diagram shows main  data of vessel,  waterway, and resistance, here according 
to Holtrop & Mennen (red and green continuous bold lines) compared with Guldhammer & Harvald (blue 
line and dotted green line) in confined and open water, hydrodynamic and engine power, and maximum 
speed reached with a given engine (here 2 generic electronic injection engines). 
 
The table shows main resistance, propulsion, and fuel consumption results, including energy per 
transported ton.km, fouling, cavitation, and power/rotational speed ratio. Other columns can be displayed: 
backflow, squat, resistance ratios (Taylor, Admiralty, Strickler formulae…) and other detailed data such as 
Froude and Reynold numbers, details of efficiency of the engine (s). 
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7.3 Results and discussion about resistance methods  
 

In this section we present examples of results regarding heavy freight vessels in the subcritical area. 
Range of use of methods is checked displaying a green / orange / red light, according to table 7.12. 
 
Resistance in full “Canal case” with high hydraulic effects   
Figures 7.3 & 7.4 show results of squat formulae and resistance calculations for the Campine Barge and 
the waterway of figures 4.7 & 6.7; Figure 7.3 gives the highest squat z while approaching Vcr, figure 7.4 
shows  “Canal” curves (green & red) from formulae of IV.2; For Römisch case, W = w and u have been 
estimated  by solving (3.2) & (3.1) knowing z.  The resistance curve looks sensitive to the use of backflow u 
(difference between continuous and dotted red lines), but not so much to the way u is estimated (all green 
lines, and continuous red line, are close together). 

0 0 0 0 0 0,8 0 0 0,8 0

1 0 0 0 0 1,5 1 1 1,5 1

1 0 0 0 0 2,3 1 1 2,3 1

2 0 0 0 0 3,0 2 2 3,0 2

3 0 1 0 0 3,8 3 3 3,8 4

4 0 1 0 0 4,6 5 4 4,6 5

5 0 1 0 0 5,3 6 6 5,3 7

7 0 2 0 0 6,1 8 8 6,1 9

9 0 2 0 0 6,8 10 10 6,8 11

11 0 3 0 0 7,6 12 12 7,6 14

13 0 3 0 0 8,4 15 15 8,4 16

15 0 4 0 0 9,1 17 18 9,1 20

17 0 4 0 1 9,9 20 21 9,9 23

20 0 5 0 1 10,7 24 25 10,6 27

23 1 6 0 1 11,6 28 29 11,4 32

26 2 7 0 1 12,6 34 35 12,2 38

30 4 8 1 1 13,7 41 43 12,9 45

34 7 9 1 1 15,0 52 54 13,7 54

38 16 10 1 1 16,8 71 73 14,4 68

40 22 11 1 1 17,6 82 84 14,7 76

41 30 11 1 1 18,5 96 99 15,0 87

43 43 12 1 1 19,7 118 121 15,2 104

45 66 12 1 2 21,3 153 157 15,5 132

48 112 13 1 2 23,5 216 232 15,8 192

51 228 14 1 2 27,5 369 464 16,0 391

93% Vcr = 15,2km/h

Vessel L =110 m - B = 11,4 m - T =2,8 m - Δ= 3 140 T - Deadweight: 2300 T, Lightweight: 840 T - Installed power : 1000 kW

Lwl=109,240m Cb=0,8942 Cm=0,9980 Cp=0,8960 Cwp=0,9387 Lcb%=0,745 App=27,31m2 (1+k2)=1,50

Hm=3,98m   Bc=138,0m       Bi=198<->225m   Ac=621,0m2   Ab=31,9m2   Bc/B=12,11   h/T=1,61   m=Ab/Ac=0,051   Ac/Ab=19,5

Vcr = 16,4km/h 23,9km/hWaterway : W =156,00 m   w =120,00 m    h=4,50 m

Rf= Fouling 
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Speed V ∞ 

(km/h)

Rt= Total 

Resistance 

(kN) OPEN 

WATER (∞)

Rt= Total 

Resistance 

(kN) 

Guldhammer&

Harvald OPEN 

WATER (∞)

Max V=15,2km/h

Nozzle 19A KA 4-70 (2) 2 Diam 1,59 m 4 blades p/D=1,190 Ae/Ao=0,700    -   Sm=1707m2 At=0,00m2 Abt=0,00m2 Hb=0,00m2

Rt= Total 

Resistan

ce 

GULDH

AMMER 

& 

Speed V 

(km/h)

Efforts eau libreComposantes effort de remorquage

Rv= Viscous 

Resistance 

Rf(1+k1) 

(kN)

Rw= Wave 

making 

Resistance 

(kN)

Ra= Model-

Ship 

correlation 

Resistance 

(kN)

Rapp= 

Resistance 

of 

Appendage

s (kN)

Resistance and power curves

0

20

40

60

80

100

120

140

160

180

0,0 2,0 4,0 6,0 8,0 10,0 12,0 14,0 16,0

Speed relative to water (km/h)

R
e
s
is

ta
n

c
e
 (

k
N

)

0

200

400

600

800

1 000

1 200

1 400

P
o

w
e
r 

(k
W

)

Rt= Total Resistance (kN)
Rt= Total Resistance GULDHAMMER & HARVALD
Rv= Viscous Resistance Rf(1+k1) (kN)
Rw= Wave making Resistance (kN)
Rapp= Resistance of Appendages (kN)
Rf= Fouling Resistance Rfo (kN)
Ra= Model-Ship correlation Resistance (kN)
Rt= Total Resistance (kN) OPEN WATER (∞)
Rt= Total Resistance (kN) Guldhammer&Harvald OPEN WATER (∞)
Pb = Engine shaft break power (kW)
Pbc = Engine break power w/ clean hull (kW)
Pu= Hydrodynamic effective power (kW)
Maximum speed for 1000kW

HOLTROP & MENNEN 1984 w & t : Holtrop&Mennen 1984 w 2 props

Rf(V+Δv)+Rw(V/V∞,Vcr) Schijf relative rotative efficiency ηr = 99,6%

mechanical efficiency ηm = 95,5% Engine data 1000 kW Diesel 2x500 kW

l/hour l/km kJ/T.km

1 0,8 0,038 0,179 0,235 13 51,6% 24,9% 23,8% 101,5% 49,8% 0,1 0,6 0,7 11,4 1,8% 0,0354

2 1,5 0,276 0,654 0,857 25 52,9% 24,6% 23,8% 101,1% 50,9% 0,5 1,1 0,8 11,8 1,9% 0,0350

3 2,3 0,885 1,398 1,834 37 53,6% 24,4% 23,8% 100,8% 51,4% 1,7 1,9 0,8 12,9 2,1% 0,0348

4 3,0 2,028 2,403 3,151 48 54,0% 24,3% 23,8% 100,7% 51,7% 3,9 2,9 0,9 14,6 2,1% 0,0347

5 3,8 3,862 3,661 4,801 60 54,3% 24,2% 23,8% 100,6% 52,0% 7,4 4,1 1,1 16,9 2,2% 0,0345

6 4,6 6,544 5,169 6,779 71 54,6% 24,1% 23,8% 100,5% 52,2% 12,5 5,8 1,3 19,7 2,2% 0,0345

7 5,3 10,228 6,925 9,083 83 54,8% 24,1% 23,8% 100,4% 52,4% 19,5 7,8 1,5 23,0 2,3% 0,0344

8 6,1 15,074 8,930 11,713 94 55,0% 24,0% 23,8% 100,4% 52,5% 28,7 10,4 1,7 26,8 2,3% 0,0343

9 6,8 21,241 11,186 14,671 106 55,1% 24,0% 23,8% 100,3% 52,6% 40,4 13,6 2,0 31,0 2,3% 0,0343

10 7,6 28,901 13,698 17,966 117 55,2% 24,0% 23,8% 100,3% 52,7% 54,9 17,5 2,3 35,8 2,4% 0,0342

11 8,4 38,247 16,479 21,613 128 55,3% 23,9% 23,8% 100,2% 52,7% 72,5 22,1 2,6 41,2 2,4% 0,0342

12 9,1 49,508 19,553 25,646 140 55,3% 23,9% 23,8% 100,2% 52,8% 93,8 27,6 3,0 47,1 2,4% 0,0342

13 9,9 62,988 22,964 30,119 152 55,3% 23,9% 23,8% 100,2% 52,8% 119,4 34,1 3,5 53,8 2,4% 0,0342

14 10,6 79,119 26,784 35,130 164 55,3% 23,9% 23,8% 100,1% 52,7% 150,1 41,9 3,9 61,3 2,4% 0,0342

15 11,4 98,575 31,146 40,851 176 55,2% 23,8% 23,8% 100,1% 52,6% 187,5 51,2 4,5 70,1 2,4% 0,0343

16 12,2 122,528 36,295 47,604 190 54,9% 23,8% 23,8% 100,1% 52,3% 234,1 62,9 5,2 80,6 2,4% 0,0344

17 12,9 153,259 42,727 56,040 204 54,5% 23,8% 23,8% 100,1% 51,9% 295,3 78,0 6,0 94,1 2,3% 0,0346

18 13,7 195,889 51,578 67,649 222 53,7% 23,8% 23,8% 100,0% 51,1% 383,1 99,7 7,3 113,6 2,2% 0,0349

19 14,4 264,430 65,960 86,513 247 52,1% 23,8% 23,8% 100,0% 49,6% 532,9 136,6 9,5 147,4 1,9% 0,0355

20 14,7 301,598 73,864 96,879 259 51,2% 23,8% 23,8% 100,0% 48,8% 618,6 157,6 10,7 167,0 1,8% 0,0358

21 15,0 352,134 84,700 111,092 274 50,0% 23,8% 23,8% 100,0% 47,6% 740,1 187,3 12,5 195,0 1,6% 0,0362

22 15,2 425,815 100,626 131,981 294 48,3% 23,7% 23,8% 100,0% 46,0% 926,7 232,9 15,3 238,1 1,5% 0,0366

23 15,5 544,374 126,426 165,819 323 45,8% 23,7% 23,8% 100,0% 43,6% 1 248,4 311,3 20,1 312,9 1,2% C 0,0372

24 15,8 766,568 175,011 229,542 369 42,1% 23,7% 23,8% 100,0% 40,1% 1 913,7 473,2 30,0 467,5 0,9% C 0,0379

25 16,0 1 314,523 295,109 387,062 462 36,0% 23,7% 23,8% 100,0% 34,2% 3 838,3 940,5 58,7 913,7 0,6% C 0,0389
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Resistance in a river with hydraulic effects (intermediate river-canal case)  
The vessel of figure 5.2 is represented in figure 7.5 at the frontier of usual “Canal” (Schijf & CNR) and 

“River” (Landweber & Schlichting) methods. The (sub)critical speed Vcr = 16.4 km/h is still far from √𝑔ℎ = 

23.9 km/h, but z from Schijf / CNR theories is low (and u as well) compared to squat curves of figure 5.2, 
so their resistance curves (long dotted green / short dotted red) are close to the curve without any backflow 
(long dotted red).  A higher return current u, and a width W = w for a “virtual canal” corresponding to a 
higher given squat z, are obtained by solving (3.2) & (3.1): Curves for Ankudinov and Römisch (bow squat) 
are shown in continuous red and short dotted green. Karpov + Artjushkov (continuous green) curve is on 
upper side of the envelope formed by the red curves. 

 
Comparison of all methods on a Rhine vessel in most situations (figures 7.6 to 7.11)  
The same Rhine vessel of figures 5.1 to 5.4 is shown in waterways progressively more restricted, and 
similar as : Danube, Rhine near Duisbourg, Seine near Paris, a canal class V, and a narrow Canal.  
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Figure 7.4: “Shallow water” methods 
(blue) seem irrelevant, even when not 
out of range. “Canal” methods (green, 
envelope in red) need a backflow u but 
are not so sensitive to z : Schijf, CNR, 

Römisch curves are very close.  
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Table 7.12: Range of use of the calculation methods (note : Karpov & Artjushkov diagrams are used here 
(*) through the  formulae from [1],  instead of the diagrams and tables from IV.2.2) 
 

   Green Orange Red 

River Bimax < Bc Bimin < Bc< Bimax Bimin > Bc 

Canal Bimin > Bc Bimin < Bc < Bimax Bimax < Bc 

Schlichting / Lackenby Ab
1/2/h <1.108 1.108 < Ab

1/2/h  < 1.3 Ab
1/2/h  > 1.3 

Landweber Ab
1/2/Rh < 1.558 1.558 <  Ab

1/2/Rh <  1.7 Ab
1/2/Rh >  1.7 

Schijf 
CNR 

Ac/Ab ≤ 15 
Bc /B ≤ 8 

15 < Ac/Ab ≤  30 
8 < Bc/B ≤  12 

Ac /Ab>30 
Bc/B>12 

Karpov  (+ Fnh ≤ 0.7)(*) 1,5 ≤ h/T ≤ 4 4 < h/T ≤ 10 10 < h/T 

Artjushkov  (*) 3,33≤ Bc /B≤ 25 
    4 ≤ h/T ≤ 10 

25< Bc /B≤ 200 
  1.05 ≤ h/T < 1,5 + Bc /B>4 
  10 < h/T ≤ 12 + Bc /B>3,33 

200< Bc /B 
h/T : all other 

cases 

 
Observations 
 

These results show quite clearly that, in “canal” case (figures 7.4, 7.10, 7.11):  
 

 All “Shallow water” methods (Schlichting, Lackenby, Landweber, and Karpov), together with most 
“marine” squat formulae, are probably irrelevant by principle when hydraulic phenomena are significant, 

as they are based on a single critical speed √𝑔ℎ , instead of a subcritical speed Vcr and a supercritical 

speed (“M” curve instead of “I” curve, figure 2.1), and Vcr < √𝑔ℎ ; They may give acceptable estimates 

only as long as the speed is far enough from Vcr , under 60%Vcr  (no change of wave making resistance 
(2.4)) or sometimes somewhat more, up to  80% Vcr or so. 
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 Change of viscous resistance due to the backflow u, is not so sensitive to the method of calculation of u 
(CNR, Schijf, or u from (3.1) & (3.2) from a value of z of Römisch formula). 
 

In transition between “Canal” and “River / Shallow water” situation (Figures 7.4 & 7.10 - 7.5 & 7.9), it 
seems that irrelevant methods - Schijf/CNR when nearly “river”, Karpov + Artjushkov when still really “canal” 
- tend to underestimate the resistance, so it can be taken the highest value of both. Only Landweber tends 
to overestimate when used in this situation (figures 7.4&7.5, 7.9&7.10).  
 
“Virtual Canal method”, illustrated in comment of figures 7.4 & 7.5, allows to use “Canal” method in all 

cases: by solving equation (3.2) &(3.1), it can be calculated a backflow  𝒖 = √𝑉2 + 2 𝑔 𝑧  − 𝑉  inside a 

virtual canal of depth h and width W = w = Ab(V+u) / (hu-z(V+u)), compatible with any curve of squat z 
mentioned in chapter V. This allows, in any case, to estimate a viscous resistance using formulae 
(4.5)&(4.7), and a wave making resistance using (2.4) but with Vcr as (3.4). Figures 7.4&7.5, and 7.6 to 7.9 
show that the resistance obtained this way by using the highest squat value z available in the catalogue, is 
close to the one obtained from Landweber when the confinement is low. In a transitional situation in 
between “Canal” and “River” as on figures 5.2, 7.5 & 7.9, and also 7.13 hereafter, it seems an interesting 
result better than both Karpov + Artjushkov and Schijf / CNR. 

 
In “River” or “Shallow water” conditions: 

 Karpov’s curve  – at least using formulae from [1] – seems to diverge from other methods (figures 7.6  
to 7.8) when confinement decreases, and Lackenby when depth decreases (figures 7.8 - 7.11). 

 All other “Shallow water” methods tend to converge when the waterway becomes wider and deeper, 

together with “Canal” methods which subcritical speed Vcr  tends to  √𝑔ℎ while the blockage ratio m 

tend to 0, so that “Canal” method (even out of range of Schijf & CNR), remains useful in all occasions 
(figures 7.6 & 7.7). 

 Schlichting’s curve does not compare well with Landweber’s on figure 7.8 (also in examples  not shown 
here, such as: W=900m x w=800m and h = 4.50m, 5.50m, 7m...), which gives credit to the idea of 
Saunders [17]a to use Landweber’s curve for unrestricted mode (short dotted blue curves). 

 
Practical conclusions for heavy freight vessels: 

 Subcritical speed should be Vcr from Schijf or from CNR methods, not √𝑔ℎ ; 

 Any method should be used in its range (Green area, Orange at the worst);  

 When very confined, in “Canal” case, when Schiijf / CNR are valid: use only these methods; 

 From “Canal” to “Intermediate Canal-River Case” or not so confined (figure 7.5, 7.9) : Use the 
highest resistance between canal method with a backflow u from Schijf / CNR, and Karpov + 
Artjushkov, or the “virtual canal method” to “reverse” a squat formula (u and W estimated  using 
(3.2) & (3.1) knowing z); And then, the lowest between this last result, and Landweber;  

 When deep and large: Use Landwever, but  “Canal” and “Virtual Canal” method, though out of 
range, should not give absurd result. Probably prefer Landweber “unrestricted” [17]a to Schlichting; 

 Lackenby: seems a good quick estimate for Schlichting / Landweber, when these methods are valid, 
for large and deep rivers, such as on the Danube. In other cases, gives an indication up to about V < 
60% - 70%Vcr or so; 

 Only field experience, plus CFD calculations and model test, may be accurate to assess effective 
validity of one or another method and confirm that these practices are correct. 
 

7.4 Results about propulsion and comparison to measurements 
 

This section illustrates some comparisons between models and measurements (figure 7.13), fuel 
consumption depending of the waterway and the kind of propeller (figure 7.14), and curves of 
fuel/power/energy consumption depending on the speed and the waterway (figures 7.15 to 7.18).  
 
Comparison between some measurements and estimates 
The following figure 7.13 shows estimates (red, green, and blue curves) compared with measurements 
(red, white/green, and blue balls) for 3 cases of Rhine vessels similar to that of figure 7.2, knowing only: 
engine power, displacement Δ(tons), section of waterways, and dimensions plus draught of the vessels, so 
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that the vessels had to be entirely modelled, from hull shape to propellers. In addition to Schijf, Karpov + 
Artjushkov, and Landweber methods, “virtual canal” method applied to Ankudinov bow squat (continuous 
lines) has been plotted here as for figure 7.5, and seems quite accurate, in this cross section intermediate 
between canal and river. 

 
Figure 7.13: Measured and estimated cases for 3 vessels 95 m (1 measurement, red ball) and 110 m, (2x3 
measurements, white/green and blue balls), B=11,40m; Estimates include modelling of hull’s shape 
coefficients (i.e. no drawings available), choice and optimization of nozzle propellers.  

 
Propulsion options for a vessel near Paris 
Figure 7.14 below shows fuel curves of a vessel cruising in “Haute Seine” and “Seine Aval”, and estimates 
of savings by replacing present propeller (B-series) by a Nozzle propeller (≈ -30% engine power) or a Pump 
Propeller (≈ - 40%), including different efficiency of engine at lower RPM.   
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Figure 7.14  
Consumption of a 
self-propelled 
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L=105m x B=8.20m 
x T=2.9m, single 
screw B-series  
Ø 1,50m, while 
cruising near Paris 
(80 l/h and 57 l/h 
actually measured), 
with present 
propeller 
(continuous lines), 
and estimates with 
Nozzle 19A or 
Pump Propeller. 
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Consumption, power, and energy curves of a vessel in different waterways  
 
The following diagrams (figures 7.15 to 7.18) show propulsion and resistance curves for the vessel of 
figure 7.2 and 5.1 to 5.4, on 8 waterways, from pure “canal” cases (from a narrow canal to a canal class V, 
3 curves), to pure “river” cases (3 curves with different depths), and intermediate cases (2 curves); All 
diagrams are sized for a maximum engine power of 1400 kW (360 l/hour, 130 kN, 290 kJ/t.km), with 
indication of 1000 kW limit, and of calculation method used for each curve.  
 

 
Figures 7.15 (up) & 7.16 (below): fuel consumption Fc and engine power Pb for the vessel of figure 7.2, on 
8 waterways from W=40m x w=30m x h=3,50m to W=400m x w=350m x h=9m.  
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Figures 7.17 (up) & 7.18 (below): Total resistance Rt and energy per transported t.km for the vessel of 
figure 7.2, on 8 waterways from W=40m x w=30m x h=3,50m to W=400m x w=350m x h=9m 
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Rhein / Danube  400 x 350 x 7.00m (River) Landweber (unrestricted)

Rhein / Danube  400 x 350 x 9.00m (River) Landweber (unrestricted)

OPEN WATER 

Maximum Engine power 1000 kW
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Narrow Canal       40 x  30 x 3.50m (Canal) backflow Schijf

River Oise            60 x  45 x 3,70m (Canal) backflow Schijf

Canal Class V      54 x  36 x 4.50m (Canal) backflow Schijf

Seine upst Paris 160 x 120 x 3.50m (Canal) backflow / z Ankudinov (mid)

Seine dst Paris   160 x 120 x 4.50m (Canal) backflow / z Ankudinov (mid)

Rhein / Danube  400 x 350 x 5.50m (River) Landweber (unrestricted)

Rhein / Danube  400 x 350 x 7.00m (River) Landweber (unrestricted)

Rhein / Danube  400 x 350 x 9.00m (River) Landweber (unrestricted)

OPEN WATER 

Maximum Engine power 1000 kW
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10).Taking into account the flow on the waterway, fuel consumption can vary in a proportion of 10 or 
more. 

 Maximum speed will not increase, or not significantly, while increasing engine power on small 
waterways; On large waterways, 1 or 2 km/h is the maximum increase of speed which can be 
expected in this example while increasing power from 1000 to 1400 kW (+40%);  

 The more confined is the waterway, the closer it is possible to reach the Schijf limit for little engine 
power, here easily up to 95% Vcr for less than 30% of the power installed, on canal;  
While on the largest waterway W=400m x h=9 m, only 65% of the subcritical speed of Vcr = 29 km/h   
can be reached, even for 100% of the installed power. 

 The energy used to transport 1t.km while cruising is here from 100 to less than 200 kJ/T.km. This 
can be compared with 700-1000 kJ/T.km for a heavy lorry 40-44T on a motorway (x 3,5 to 6), and 
several times more (i.e. 4000 to 5000) for smaller lorries 12T-19T in town area;  
It can increase with stops, and decrease when size of vessels increase. From Radicatel near Le 
Havre, to Gennevilliers near Paris, the average consumption of vessels of same size was 245 
kJ/t.km using 7 locks, in 2006, and 155 kJ/t.km on pushed convoys up to 4400 T;  

 There is still a potential to improve even more inland vessels efficiency (figures 6.7 & 7.14).  

8 CONCLUSION 

 
Inland vessels are submitted to complex constraints totally unknown on marine ships, due to highly 
confined water and high block coefficients, so that assumptions such as Slender Body theory, may be no 
longer valid. Naval architecture should have to complement with the hydraulic science of waterways design, 
and vice versa, to better understand these constraints. 

 
The speed of the vessel may be limited by a subcritical speed Vcr, and the wave making resistance 
should begin to increase due to undulatory effects changing the wave length when approaching 60% of 
Vcr .  A return flow may appear and reach a maximum value when approaching Vcr , and increase 
accordingly the viscous resistance. It is therefore not un-frequent on heavy freight inland vessels to 
observe a resistance doubled or tripled, a propulsion efficiency decreased by a third or even a half, and 
turning radius doubled. This may lead to triple, or more, propulsion power at same speed, compared to 
open water conditions. 

 
Key parameters include: 

 Bi = width of hydraulic effects around the vessel in open or laterally unlimited water 

 Hm = Ac / W average depth, and Bc = Ac / h average width, (Ac = cross-section of the 
Canal/Waterway, W = width on surface, and h =  depth of the waterway), 

 m = Ab/Ac ratio of the cross-sectional area of the boat and of the cross-section of the canal/ 
waterway, or “blockage ratio”, while 1/m = Ac /Ab is the “covering ratio”, 

 h/T ratio of depth by the draught of the vessel, and Bc/B ratio of average width of waterway by the 
breadth of the vessel,  

 FnHm  “average depth” Froude number, and Fnh “depth” Froude number, instead of usual “length” 
Froude number Fn,  

 
When Bi << Bc , “River” case, the vessel is in laterally unrestricted conditions, and mainly submitted to 
undulatory effects (effects of change of wave length on wave making resistance), the resistance curve has 
a I-shape and a single critical speed; This situation is called “shallow water” and is found for large river 
conditions; Key parameters are h/T and Fnh depth Froude number (reaching 1 at critical speed equal to 

√𝑔ℎ). 

 
When Bi >> Bc , “Canal” case, the vessel is in confined water, and is submitted also to hydraulic effects 
(effects of backflow on viscous resistance due to limitation of the flow and piston effect by the waterway) in 
addition to undulatory effects, the resistance curve has a  “M-Shape” with (sub)critical and supercritical 
speeds. Key parameter are the blockage ratio m and the average depth Hm = Ac / W and the subcritical and 
supercritical values of FnHm . When m=0 (i.e laterally unrestricted), h=Hm , sub and supercritical speeds 
become identical to the critical speed of the “shallow water” situation. 
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As Fn<= 0,16 - 0,18, the maximum speed of an inland freight vessel in open water, or very large 
waterways, can be easily deduced as a proportion of the square root of its length. On the same way, as Fnh 
(in “shallow water”) or FnHm (in confined water) <= 0,6 - 0,7, there is an indication of the maximum speed 
Vcr which can be reached in these situations.  
 
In confined waterways (“Canal” case), the maximum speed will be from about 75% to 95% of Schijf’s or 
CNR method (sub)critical speed Vcr depending of confinement, while the estimate of squat or resistance 
using traditional “marine” methods may be acceptable only below about 60% Vcr; Above this speed, too low 
for normal operation of inland vessels, only “canal” method and adequate towing tanks or CFD calculations 
can give an estimate good enough to determine actual propulsion power.  

 
Regarding propulsion coefficients, theories comparable to that of Schijf, but concerning the effect of the 
return current u, the limitation of outflow in a propeller in confined water, and wake effects in the back 
section of the hull of an inland vessel in confined conditions, have yet to be written, to place the knowledge 
about propulsion coefficients at a level comparable to what it is on resistance.  

 
3D CFD calculations, together with specialized towing tank tests, should be able, on the long term, to give 
comprehensive answers to all questions, and to complete or criticize empirical and analytical theories and 
methods, as numerical models are increasingly able to replace physical models in towing tanks. But these 
calculations are extremely long and still not suitable for real-time on board applications, or even, waterway 
cross-section optimization. On the short term, existing theories remain useful, though not always 
numerically accurate, to understand the main concepts on a qualitative manner, and give quick estimates.  
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